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DEPARTMENT OF THE ARMY 
U. S. ARMY AVIATION MATERIEL LABORATORIES 

FORT EUSTIS. VIRGINIA  23604 

The purpose of the effort reported herein «as to develop a 
mathematical model to assist In the design of laminated 
elastomerlc bearings.    The approach of the study «as based 
upon the application of large-deformation elasticity and 
vlscoelastlc mathematical theories.    However,  the complexity 
of the large-deformation elasticity theory and the problems 
associated with computer solutions of equations of linear or 
classical elasticity for the particular bearing geometry and 
for materials that are almost Imcompresslble were such that 
this analytical work «as discontinued. 

Although the effort reported herein did not result In 
attainment of the program objectives,  the effort did result 
In the development of analytical approximations to the 
application of linear elastic theory and yielded results that 
are readily applicable and very close to exact solutions 
for bearings for light loads. 

Future efforts by this command toward the development of 
design formulae for laminated elastomerlc bearings will be 
limited to an experimental Investigation approach. 
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ABSTRACT 

The purpose of this study was the establishment of analytical design pro- 
cedures for laminated elastomeric bearings.    This was approached with 
the application of the linear mathematical theory of elasticity and later 
with nonlinear large-deformation elasticity theory. 

The linear theory yielded analytical approximations that are close to exact 
solutions and which are easily applied and evaluated.    This analysis of one 
typical lamination yields the distribution of stress and deformation in the 
elastomer between "rigid" metal lamina.   However, the limits of the 
linear elasticity theory are exceeded for greater than small bearing loads, 
indicating the need for the application of the more comprehensive large- 
deformation elasticity theory. 

The large-deformation theory was stated and the equilibrium equations 
were derived, but the solution of these equations was not carried out. 
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PREFACE 

This report was prepared by The Franklin Institute Laboratories, 
Philadelphia,  Pennsylvania, for the U.  S.  Army Aviation Materiel 
Laboratories under Contract DA 44-177-AMC-110(T). 

The mathematical studies of the laminated elastomeric bearing presented 
herein, which began in September 1963 and were concluded in December 
1964,  represent the sole effort of The Franklin Institute, for which Mr. 
R.  Clyde Herrick,  Senior Research Engineer,  Applied Mechanics Labora- 
tory, was the principal investigator and author of this report.    Acknowl- 
edgment is made to Mr.   T.   Y.  Chu for the considerable contribution of 
the analytical approximations and computer solutions for the linear theory 
of elasticity shown in Appendixes A,  B,  and C,  and for the brief presen- 
tation of pure torsion in large deformation elasticity shown in Appendix D. 
Acknowledgment is also made to Dr.   Barry Wolf for the many formulations 
in large deformation elasticity leading to that presented in Appendix E and 
for his contributions to the work in linear theory done in conjunction with 
Mr.  Chu.    The contributions of Dr.   Kishor D.   Doshi and Zenons Zudans 
are also noted. 

This constitutes the final report covering the first application of the 
mathematical theory of elasticity to the problem of design and laminated 
elastomeric bearings. 
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SYMBOLS 

Coordinate System 

r,e,z = cylindrical coordinates 

u,v,w = displacement in the radial, tangential and axial 
directions,  respectively 

r^ = inside radius 

r0 = outside radius 

h = one-half the thickness of elastomer per lamination 

± w0 = axial displacement at z   =  ± h 

Stress 

U      =   general component of stress 

normal stress in r direction rr 

Strain 

xz     -   shear stress parallel to rz plane on a surface whose 
surface normal is a radial line 

ij 

rr 

rz 

kk 

=   general component of strain 

=   normal strain, denoted by repeated subscript of 
coordinate system symbols 

=   shear strain 

=   dilation,   e rr +   €e9   +  € zz' denote(i by a repeated 
subscript with other than the coordinate symbols, 
r, 6 ,z 

Material Constants 

G     =   shear modulus 

v     =   Poisson's ratio 

IX 
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k = bulk modulus 

X,H = Lame material constants 

Nomenclature Unique to Appendixes D and E 

T J s tensor components of stress 

a{i = physical components of stress 

* * • • 
Gjj,GlJ,g..,glJ = metric tensors 

(r, G'.z') = undeformed coordinates 

{p,B,z) - deformed coordinates 

*» * = constants from constitutive relationship 

r.j"1 = Christoffel symbols 

P = pressure 
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SUMMARY 

The purpose of this work was to establish a design procedure for lami- 
nated elastomeric bearings based upon the application of large defor- 
mation elasticity and viscoelastic mathematical theories.    However, the 
complexity of the large deformation elasticity theory and certain prob- 
lems associated with computer solutions of the equations of linear or 
classical elasticity for the particular bearing geometry and for materials 
that are almost incompressible were such that this work could not be 
completed. 

In the course of this effort, analytical approximations to the application 
of linear elasticity theory were developed that not only yield results 
that are very close to exact solutions but are easily applied and evalu- 
ated.    However, these approximations are for linear elasticity theory, 
the limits of which are exceeded for greater than ver/ light bearing loads. 
While not quantitatively applicable for bearings under full loads, they do 
give much information concerning elastomer behavior under light loads. 

The equilibrium equations for large deformation elasticity theory in 
cylindrical coordinates were stated for combined axial compression and 
torsion, but were fully derived for the case of compression only. 
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CONCLUSIONS 

While the objectives of the study were not reached,  much useful knowledge 
about the behavior of the elastomer in each lamination under load was 
generated.    The approximate theories,  (a) for incompressible materials 
and (b) for almost incompressible materials,  are useful to indicate the 
relative effect upon bearing performance of bulk modulus (compres- 
sibility),  ratio of inside diameter to outside diameter, and width-to- 
thickness ratio.    More important, much was learned with respect to 
techniques for obtaining a useful solution of the nonlinear large-deformation 
equations that is necessary to predict adequately the distribution of dis- 
placement and stress within the bearing,  especially along the bonded 
surface under realistic loading conditions.    The original beliefs that 
large deformations are present within the elastomer even for very light 
compressive loads were confirmed.    But,   although much is known as to 
the behavior of the elastomer under load from the application of linear 
elasticity theory,  this must be conditioned with the statement that this is 
qualitative and not quantitative for full loads. 
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INTRODUCTION 

During the experimental development of the laminated elastomeric bearing 
for low-temperature applications (Technical Documentary Report No. 
ASD-TDR-63-769,  prepared for Wright-Patterson Air Force Base,  Ohio, 
November 1963),  the need for a mathematical analysis of the bearing 
which would form the basis of a design method was recognized.    Of 
primary interest were the magnitude and distribution of shear and normal 
stresses between the elastomer and the metal lamina.    This was not only 
to enable a designer to specify elastomers with adequate strength and 
adhesive strength (at bond to metal lamina),  but to determine the minimum 
thickness of metal lamina that could be used.    Only by a mathematical 
analysis could the influence of compressive load,   shear load (torsion), 
ratio of outside diameter to inside diameter, width-to-thickness ratio, 
and shear and bulk moduli of the elastomer be studied. 

It was also anticipated that the deformations and strains within the 
elastomer were large and that the more general mathematical theories 
of elasticity would be required for an analysis,  especially if the inter- 
action of compressive load and bearing torsion observed in the experi- 
mental development were to be studied.    Linear or classical theory is 
made linear by the assumptions that both deformation and strain are 
infinitesimal,   thereby removing the ability to study the interaction of 
axial compression and torsion. 

It was anticipated that in this study the state of stress and strain in the 
bearing could be investigated sufficiently with the use of large-deformation 
elasticity and viscoelasticity theories and that a computer program could 
be devised for the design of optimized bearing laminations for a given 
application and loading condition. 

: .nr-?^rr=r: 



REVIEW OF EFFORT 

When the present program was begun,  the intention was to go directly 
to large-deformation elasticity because it appeared that sufficient theory 
was at hand.    The intention was to use the linear or classical theory only 
for guidance and to establish certain "known points" in order to check 
the large ociormation work. 

Soon after the large-deformation formulation was begun,  it was discovered 
that a simplification could be made if it could be said that plane surfaces 
in the elastomer parallel to the bonded boundaries remained flat planes 
after deformation.    Some preliminary work with the linear theory of 
elasticity indicated that these surfaces did not remain flat planes at the 
free edge where interest in stress and deformation is greater,  and so 
the formulation of the large-deformation problem was made more general. 
By this time it was apparent that the equations for large deformations 
would be made up of many terms and that solutions would be time con- 
suming. 

At this time during the program, it was believed that an investigation 
should be made of the effects of small amounts of compressibility of the 
elastomer upon the displacement pattern and consequently upon stress 
magnitude and distribution.    This was needed because the only consti- 
tutive relations (stress-strain relations) that were immediately available 
were the "Mooney Relations" (Reference 5) that were formulated for 
incompressible rubber-like materials.    No relationships were at hand for 
compressible materials, because it seems that most rubber-like mate- 
rials are used under such loading conditions that the hydrostatic component 
of total stress is relatively small.    Hence,  volume compression is small 
and may be neglected. 

An investigation into the effect of small amounts of compressibility,  using 
classical elasticity theory, was then begun.    First, the literature was 
searched for solutions to similar elasticity problems (the problems of 
compression of a cylinder with ends fixed for no radial displacement). 
One similar problem (Reference 6) was discovered, and although the 
boundary condition was that of no radial displacement at the outside edge 
only,   instead of along the whole bonded surface,   it was believed that this 
solution from the literature would be useful.    However,  although it was 
an analytical solution,  the effort necessary to extract information,  even 
by a computer, for various conditions proved to be considerable.    It was 
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much beyond the effort considered necessary to make an independent 
solution of the equilibrium equations of elasticity for the real boundary 
conditions (a bonded surface) by means of a digital computer.    Therefore, 
this latter approach was started. 

The first choice was to solve the equations of a compressible material. 
Appendix A shows the formulation of the equilibrium equations and the 
complete computer program (in FORTRAN) for the iteration procedure 
to yield deformations.    In the theory of elasticity for homogeneous and 
isotropic materials,  two constants are necessary to describe the mate- 
rial behavior.    Of the sets of two constants that can be used,  G,  the 
shear modulus,  and    y,  Poisson's ratio,  were chosen because the value 
of Poisson's ratio reflects the relative amount of compressibility: 
v    = 0. 5 for incompressible materials,   and i^ < 0. 5 for compressible 
materials.    Since the equilibrium equations in terms of displacements 
contain the coefficient 1/1-2 i^, which approaches infinity as  v approaches 
0. 5,  it was decided for the first solution that a moderately compressible 
material,   say,   ^ = 0. 35,  should be used.    The value oiv could then be 
increased to as close to 0. 5 as possible in later solutions,   after check-out 
and proof   of  the  iteration procedure.     Except for some initial trouble 
in programming finite-difference methods for the geometry of a very wide , 
but thin,   annulus,  the iteration procedure worked well.    However,  on sub- 
sequent trials,  the iteration method would not converge to a reasonable 
solution of Poisson's ratios greater than   v   = 0. 4.    After this was worked 
with for a period of time,  effort was stopped on this computer solution 
for the compressible elasticity theory,   and all furtner investigation of 
compressible materials was accomplished with the use of an approximate 
solution described below. 

The next effort was the formulation of the equations for incompressible 
elasticity theory and the computer solution thereof.    This required a 
completely new formulation because the coefficient,   l/l-Zy,  is infinite 
for v = 0. 5.    Consequently,  the new formulation introduced a pressure 
term (Reference 1,  page 79. problem 4) in the displacement relations 
instead of a volume compression term.     Appendix B shows the derivation 
of these partial differential equations and the FORTRAN program for the 
solution by iteration. 

The iteration scheme proved to be erratic.    While effort was being made 
to improve the convergence of the method,  an effort was made concur- 
rently toward an approximate solution,   also shown in Appendix B.    It 
was not until some results of the approximate theory were used as the 
starting values for iteration that convergence seemed probable.    By this 
time considerable effort had been expended upon this solution,  because 
the approach was contined inasmuch as each innovation introduced seemed 
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to improve the results.    The last computation made,  of which partial 
computer output is included in Appendix B, appears to have been converg- 
ing as planned,   although the convergence was very slow. 

In the meantime,  approximate solutions,  both analytical and computer, 
to the compressible cases of linear elasticity were investigated.    It was 
recognized that the exact solution of the partial differential equations of 
equilibrium was not of major interest in this study but was only to guide 
the formulation and solution of the large-deformation case.    The search 
for approximate solutions was fruitful.    An analytical solution based upon 
the linear theory of elasticity was derived, not only for the incompressible 
case but for the compressible case as well; that is, flexible enough to 
accept Poisson's ratios in the neighborhood of almost negligible compres- 
sibility,   v = 0. 495 and v = 0. 499.    These values represent the order of 
magnitude of Poisson's ratios for elastomers of interest in the laminated 
elastomeric bearing.    These approximations for incompressible and com- 
pressible theory are shown in Appendixes B and C,   respectively. 

Appendix C,  for the approximate compressible theory,   includes an 
attempt made to solve equations (C-17a) and (C-17b) by computer, using 
the Rung-Kutta-Gill method.    The flow chart and computer program 
(FORTRAN) are shown at the end of Appendix C.    The computer solution 
did not work,  however,  and the reason was discovered from the analytical 
solution:   the solution consisted of e+x and e"x, with x assuming very 
large values.    Inasmuch as this approximate solution for compressible 
materials,  as shown by the analytical solution in Appendix C, was ob- 
tained by applying the variational theorems of linear elasticity,  it satis- 
fies equilibrium approximately,  and it satisfies the stress boundary 
conditions on the average,  that is,   across the thickness. 

Appendix D shows the derivation of equations, based upon large-deforma- 
tion elastic theory, for the case of torsion only.    This was done mainly 
for investigation of the large-deformation problem of combined com- 
pression and torsion.    Note that it is infinitely less complex than the case 
of large-deformation compression,   as shown in Appendix E. 

The real stumbling block in this study is the set of large-deformation 
equations for axial loading (Appendix E).    These involve constitutive 
relations (stress-strain relationships) that are,  as yet,  not known for 
the compressible case although they are generally known for the incom- 
pressible case.    The real problem is the size and complexity of the highly 
nonlinear equations and the consequent lack of assurance that a solution 
is the right solution.    This is the basis of the desire to establish solutions 
for light loads using classical elasticity,  the establishment of a check 
point. 
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RESULTS OF LINEAR THEORY 

While the computer solutions did finally yield satisfactory results for the 
incompressible case and for the compressible case where Poisson's ratio 
was 0. 4 or less, these displacements or deformations were not trans- 
lated into stress.    By the time that it could have been done with reliable 
computer solutions,  the analytical approximations were available.    These 
yield a solution that is closer to the exact solution of the equations of 
linear elasticity than the application of linear elasticity theory is to  the 
real bearing.    Perhaps it should be mentioned here that the linear theory 
of elasticity is believed to yield a very close approximation to elastomer 
stress and deformation for light loads,  but only for light loads,  as will 
be shown presently. 

SOLUTIONS FOR INCOMPRESSIBLE ELASTOMERS 

Results of the computer solution (Appendix A) for the compressible case 
are not shown here because,  for practical elastomers, the ratio of bulk 
modulus to shear modulus is so very large that the behavior is more like 
that of an incompressible material.    While the computer solution in 
Appendix A worked,  it only worked for materials with a Poisson's ratio 
up to 0. 40.    This is too low for elastomers of immediate interest. 

Since meaninful results were obtained from the computer solution for an 
incompressible material and since a useful approximation was also 
derived,  the results of the work shown in Appendix B are summarized 
as follows: 

1.    By examining successive iterations,   it was found that the iterative 
procedure as programmed in Appendix B converges.    The con- 
vergence is much improved if the iterative procedure is started 
with the results of the approximate solution,   but it is still slow. 
This is evidenced by the fact that the computer output shown in 
Appendix B is from the 600th iteration,   and certain inconsis- 
tencies are still present at the inner and outer boundaries. 
However,  this disturbance is seen to exist at the free boundaries 
and propagates only about one-half a thickness (2h) into the 
bearing from either boundary; therefore,  this was accepted as 
a good solution. 



rc are manifested 2.    The influences of the boundaries r = fj and r 
only near those boundaries.    Away from the bound,    ies by,   say, 
5 thicknesses,  the approximate solution and the computer coin- 
cide.    Thus,  the approximate solution can be used to predict all 
regions of the bearing except near the boundaries r = r^ and r = r0. 
These can be investigated by computer solutions using much 
funer gridworks. 

3.    Within the limits of the linear theory of elasticity,  which has 
been grossly exceeded in the computer example, the analytical 
approximation,   as shown in equations (B-7) through (B-23),   is 
a very accurate method. 

Figures 1 through 4 present data gained from the analytica1 approximations, 
Figure 1 shows for incompressible materials the relationship between 
average pressure, width-to-thickness ratio,   and ratio of axial displace- 
ment to elastomer thickness.    Thus, for 

G   =   80 psi (shear modulus) 

r   -r. o    i 

2h 
=   250 (width-to-thickness ratio) 

then 

w. 

ave 

=    0. 002 (ratio of axial deformation to 
elastomer thickness), 

=    125G = 10,000 psi. 

However, from Figure 2,   it is estimated that the associated maximum 
shear strain is e rz = 8u/9z   = 1. 63.    This strain is far beyond the limits 
of the linear theory of elasticity because the linear theory is based on the 
assumption that 8u/9z is very small,  as compared to 1.0. 

From Figure 3,  a measure of what is meant by "light loads" associated 
with linear elasticity theory can be obtained.    Although 9u/8z   = 0. 2 is 
still much beyond the values acceptable within the linear theory of elas- 
ticity,   it is not sufficiently large to change the order of magnitude of the 
results.    Assume,  then,   that 9u/9z   = 0. 2 is accepted.    From Figure 3, 
for a width-to-thickness ratio of 250,  Pave = 15. 5 G.    Thus,  if G = 80 psi, 
as for the silicone rubber used in previous programs, then average pres- 
sure is  1240 psi.    A bearing of this geometry and these materials was 
tested to an average pressure in excess of 40,000 psi.    The rubber did 
not extrude or come unbonded,  but the steel lamina broke.     Thus,   it is 



known that elastomers with this geometry are capable of extreme pres- 
sures and extreme shear strains. 

For strains that are not excessively large, say, e rz = 0. 2, a relationship 
between average pressure and the maximum shear stress as derived from 
the incompressible elastic approximation can be shown. 

When 

then 

and 

Shear stress is 

then 

and 

r    - r. W 
0
2h    - = 250 and Y   

= 0.0002$, 

rz      oz 

V = 15.5. 

0 = 2G c     = 0.4 G ; 
rz rz max 

^2 max _   0.4 
P 15.5 ave 

a = O.C258 P rz ave« 
max 

This provides some measure of the relationship between shear stress and 
average pressure,  although the limits of linear elasticity have already 
been exceeded at this strain level. 

APPROXIMATE SOLUTION FOR COMPRESSIBLE ELASTOMERS 

The approximation shown in Appendix C has also yielded convenient 
expressions for the investigation of stress and displacement within the 
elastomer of a lamination.    These equations are summarized as 
follows: 

for a » use equation (C-47); 
zaverage 

for o use equation (C-48); 
z max 

■ .*•- -   <*• 
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and 

for ratio max 
0 

Zavg 

for ratio 

0rz max 

avg 

use equation (C-49); 

use equation (C-50). 

Figure 4 shows a comparison of data for compressible and incompressible 
theory.    The relative position of the curves indicates the influence of 
various amounts of compressibility,  although the exact placement of the 
curves is not necessarily accurate because they have been calculated 
from linear theory where the strains exceed those allowable. 

10 
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Figure 1.     Average Pressure Versus Axial Compression 
(Incompressible Elasticity Theory). 
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APPENDIX A 

COMPUTER SOLUTION FOR A COMPRESSIBLE ELASTOMER 

This is the formulation of the pure axial compression problem of one 
lamination, following linear (or classical) elasticity theory, that was 
prepared for computer solution using finite-difference techniques and 
iteration schemes.     The geometry is that of the flat thrust bearing. 

Consider a thin disk of elastomer compressed between two rigid plates 
and assume that the disk is composed of a compressible material with 
Poisson's ratio,   v  .     The shape and the dimension of the disk are shown 
in Figure 5. 

* 

1 r     fc 

--                            ^ 

—n— 
■c » 

Figure 5,    Sketch of Coordinates for One Lamination. 

Since the disk is circular,  it is convenient to use cylindrical coordinates 
(r, 6,z).    The symmetry property of this problem indicates that stresses 
and displacements are functions of r,z only. 

The equations of equilibrium are thus simplified to 

(^w ,   2(l-u) aj» i     1     a u    ,  1 ou , _^_ 1 ^i _ 0 
. 2       l-2v   - 2     l-2u SrSz     r 3r     l-2v r dz or oz 

(A-la) 

and 

1     a W   + Lji + 2(l-v) ^Ji + 2(l-v) 1 /du _ üx ^ 0 (A- lb) 
l-2\) dröz      . 2       l-2v    . 2       l-2v   r ^r     rJ      u *       K ' öz Or' 
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where u and w are the displacements in radial and axial directions, 
respectively. 

The boundary conditions are 

u = 0} w = -6 at z = -t-h 

u = 0, w = 6 at z = -h 

Or = 0, a     =0 rz 
at r = ro 

(A-2) 

Since the mid-plane (z = 0) is a plane of symmetry,  the boundary con- 
ditions can be replaced on z = -h by the symmetry conditions at z = 0. 

At  z = o,        w = 0 and     1^ = 0 ; Sz ' 
(A-3) 

thus,  the problem can be solved only for the domain z = 0 to h and r 
ri to ro- 

Because of the complexity of this problem, a computer program is 
written to solve this set of simultaneous equations.    The equations of 
equilibrium and the boundary conditions are written in finite-difference 
form as follows: 

[1 - WT5] Wi-l,J + Cl + 2R(l7] wi+l,J +   1-2U   wi,j-1 

(A-4a) 

and 

* (i^)(wi+i,j4r wi-i,j+i
+ *±.i,yi - Vi,^^ + ui,j-i 

+ Ui,o+l +   l-2u (1 + 2R(T)) Ui+l,j +   1-2V    (1 " WTj} ui-l, 

- 2 [^^   + 
^ Ll-2u 

b^        /2(l-u)n n 

2R2(I)        1 2U        1,J 

J 

(A-4b) 
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For a general point (i, j) in the body,   and boundary conditions 

U. =0 i,mmni 

w. — —6 i^nmni 

Wi,2      =0 

Ui,3     =ui,l 

z = h 

•z = 0, 

(A-5) 

r = r. 

r = r. 

^(1-^} („      _„      ^-2VL (|b)u    j + 

2,JH-U2,J-1=- (w3,j ^l,^ 

^nmrKU " unnn-l, j;     l-2u lRo
; unrm,y 

/ 2(1~D) 
l-2v 

+ 2L (w, - w_ l-2v    vwnnn,J+l     "rmn,j-l ) =0 

t unnn,j+l " unnn, j-1     " (wnnn+l,j ' wnnn-l,y J 

(A-6) 

for points (i, j) on the boundary,  where b is the grid size and 

R(z)    =    ri + i x b. 

It is noted that since the material is compressible,  there is a region in 
the body where the material experiences only hydrostatic compression. 
This knowledge permits further reduction in the domain of the problem 
by combining the two end conditions into oi e.    That is to say,  the set of 
equations is solved from both ends (r = rj and r = r0) simultaneously, 
and the condition of hydrostatic compression is used as a boundary 
condition. 

Denote ends r = ri and r = r0 by k = 1 and k = 2, respectively, and define 
coefficients as shown in expressions (A-7) throu h (A-9). Then simplify 
the set of equations to those that appear. 
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Coefficients for the computer program are 

A(l) = 1-y ^ 

A(2) = v/(l-v) 

A(3) = 3-4u 

A(4) = l-2u 

A(5) = H/FM 

A(6) = l/(3-4u) 

A(7) = A(4) x A(6) 

A(8) = A(l) x A(6) 

k=l R0(I,K) = RZER0 + (FI-2.0) A(5) 

C1(I,K) = A(5)/R0(I,K) 

C2(I,K) = C1(I,K) ^ 2 

C3(I,K) = 1.0 + 0.5 * C1(I,K) 

C4(I,K) = 1.0 - 0.5 * C1(I,K) 

C5(I,K) = A(3) + A(l) * C2(I,K) 

C6(I,K) = 1.0/C5(I,K) 

D1(K)      = + 1.0 

(A-7) 

(A-8) 

k=2 

R0(I,K) = R0UT - (RI - 2.0) ^ A(5) 

C1(I,K) = A(5)/R0(I,K) 

C2(I,K) = C1(I,K)  ■* C1(I,K) 

C3(I,K) = 1.0 - 0.5   " C1(I,K) 

C4(I,K) = 1.0 + 0.5 - C1(I,K) 

C5(I,K) = A(3) + A(l) - C2(I,K) 

C6(I,K) = 1.0/C5(I,K) 

D1(K) - - 1.0 

(A-9) 
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'MMM 

NM 

Note that in the following expressions the double sign ± or T appears, 
The upper sign refers to the case where k = 1, while the lower sign 
refers to that where k = Z. 

Boundary conditions are 

Wi,j =   W3,J    ± (U2,J+1 " U2,J-1) 

ui,J = U3,J ± Ä (R(l^y U2,J + W2,J+1- W2,J-] 

(A-10) 

Field equations are 

W
I,J    0^A. 

t[+ 2«R0(I,K)
]
 

W
I-I,J 

+ [ i i^SW-1 wi+i,J 
2(3-»f) 

+ (2 + ^(WI,J-1 + ^W^ ^ ^ (1 + ^)(UI+1,J+1 

" UI-1,J+1 + UI-1,J-l " Vl,J-^ + 2R^I,K) (1 + ^ 

(UI,J+1 - "M-i)} 

I,J (3^) + (2+l)(       b^     ) ^      I+l,J+l 

^ ^    2R02(I,K) 

" WI-1,J+1 + WI-1,J-1 ~ WI+1,J-1^ + UI,J-1 + UI,J+1 

+ (2 + ^ r-(1 i Wfecl3 ui^i,J + (1 T infa5 U
I-I,J

]
 • 
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Substituting x/u ■ 2u/l-2v, 

WI,J " "^f^J    tCl T SJ^KT
1
 

WI-1,J + [1 ± 2R0(bI,K)] WI+1,J} 

+ 314^ (wj,j-i + wl,j+l^ - Q) 2(3-4^) ^uI+l,J+r UI-1,J+1 

1 u b (A-12a) 
+ U

I-I,J-I " Vi,^^+ iG^y (wr[jy) (U
I,J+I * ^w-^ 

U
I,J 

= 4 t i X"3 ^ (wi+i,J+i " w: 
[(3-4u) + (1-v) b 

R02(I,K) 

I+i,J+l     "I-1,J+1 

+ wI-l,J.l +WI+1,J.1) + (1 " 2u)(uI,J-l + "l.J+l* 

+ 2(^)  Cd ± ^^y) uI+1>J + (1 T ^^y) u^^]}.     (A-12b) 

From the definitions of the coefficients, 

Wj j = 0.5 * A(7) * {C4(I,K) vlmml j + C3(I,K) wI+ljJ} 

+ A(8)* (wj^^ + Wj J+1) + D1(K)* 0.125^ A(8)* (UI+1>J+;L 

- U
I-I,J+I 

+ U
I-I,J-I - Vi,^ + 0-25*A(8^ C1(I'K)* 

(uI,J+l " UI,J-1) (A-13a) 

UI,J = 0-5* C6(I,K)* D1(K)^   -0.25* (wI+1^+1 - ^^ ^.^ 

- wm,j-i) + A^^ (UI,J-1 + UlV + 2* A(1) 

*(C3(I,K) uI+1 j + C4(I,K) Uj^ j)). (A-13b) 

Boundary conditions  kend equation) are 

W1,J = W3,J+D1(K)MU2,^1-U2,J-1) 

ul,J = U3,J + D1(K^ A(2)* {2* C1(2,K) U2W + W2,J+l" W2,J-^*        (A- 14) 
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Computation of stresses is as follows: 

From the stress-strain relation 

a. . = XA6. . + 2Ge. . 
ij ij iJ 

and the strain-displacement relation,   stresses can be calculated at any 
point in the body when the displacement field is known.    Since the displace 
ments are given by numerical values,  finite-difference methods must be 
used to calculate strains. 

At the top and bottom boundaries, the strains are 

öu e   =« = 0 r     5r 

ee " 7    0 

e   =|* 
z     dz 

'rz     2^z; 

and the stresses are 

°,-* + **'l-*ff£% 
a     — ü T- . rz az 

In order to evaluate the derivatives there,  backward or forward differences 
must be used.    At the top surface,  backward difference is used. 

If' äib(3f (I'J) - ^(w-i) + f(i,j-2)) 

Since in the computer result u and w are nondimensionalized with respect' 
to h,    ^ z = h/m. 

For m = 4, 

hence, 

¥ = 2(3w (I.mrara) - 4w(I,m) + w(I,ra-l)) 
dz 

T1 ^ 2(3u (I,nimm) - 4u(I,m) + u(I,m-l)); 
oz 

0z = ^fe^ J(3w (I'innm) - 4w(I,m) + w(I,m-l) 

o     = 2G(3u (I.nmun) - 4u(I,m) + u(I,m-l). 
rz 
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INPUT 

I 
GO 10 KLUE 

STOP 

T 

INPUT = MtN, GNU, H, R7ER0 
R^UT    ALPHA, LITER, JITER 

DELTA, MU, IFIN 

K = I 

COMPUTE   COMMON CONSTANTS, 
A(l), Ate), A(8) 

k = 

r 
COMPUTE  DIFFERENT 

COEFE (ENDI) 
R0(I,l),   CKI.I)— 

C6(I,I) 

I 
COMPUTE   DIFFERENT 

COEFF. (END2) 
R0(I,2),   CKI.Z)— 

C6(I,2) 

Ü SUBR0UTINE   SOLUT 

K = 2 

60 T0 K 

0UTPUT 

i 

ü 
Figure 6.    Main Flow Chart 
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i 

COmW; M,N, RZU4, R*UT, H, A, tf, UTEH 
ALPHA, DELTA, K, JITER, IFIN, 01,02,03,C 
05,06 

SET  MW-M*1 

CQKPUTE 
U(NHM,J1, W(NNN.J), U(I,K11) 
W(I,1*«), W(l,2) 
U(I,J), W(I,J), U(I,1), W(I,J) 

i:-i 
JJITER-JITER 

£ 

•■*\tt ITEB-l.  LITER| 

-2 Q^T]  

li* j-2,m k-—, 
1 

COMPUTE 
mj{j) 

BY REG. ES. 

YES ED 
NO 

,—Jsi j-2. ,«1 

COHPUTE 
UU(J) 

BY END EQ. 

VW(2)-W(I,0[ 

ED- YES 

NO 

CCMPUTE 
WW(J) 

BY END EQ. 

*R  

w(»H(x.»)| 

coffun 
w(J) 

BY REO. EQ. 

—-G>  
D* J-2,)« 
0( 
w 
(M,j)-wnj...| 
(l.l,j)-W((j)| 

D^ >2,MI 
UUU(J)-UU(J) 
WWW(J)-W(J) 

[£> 
<NrrTiiN  jD0>2,m 
 |>w| » U(I,J>-WW(J ((I,J>-WW(J} 

(I.J) ■ WWW(J) 

Df t-l,N 

Ui 

ImtroN ]—dh—i 
l__ I>IJ*l 

IF INS 

(I.l>--W(I,3) 
(I.l)-U(1.3) 

im^iFiN 

JJUPMJ JJITP 
YES 

T_l 
j <IFIN 

im-jJiTEiM] 

NO 

Figure 7.    Subroutine Solut. 
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(H/20/64 PAGE 1 
LAMINATED BEARING 

COMPRESSIBLE MATERIAL 

DIMENSION  Am. K0(*0lt2)t Cll*01»2)t C2(40l.21.  C3«<.01,2), 
IC4I*01,2), C5(40l,21, C6l40It2). 01(2) 
COMMON  Mi HZERO, ROUT, H, A, RO, N, LITER, ALPHA. DELTA, 
ICONST, K, JITER, IFIN, Cl, C2, C3. C4, C5, C6, 01 

110 READ INPUT TAPE 2,1. KLUE , ICLUE 
1 FORMAT (219) 

GO TO ($00,100.400.400),KLUE 
100 READ INPUT TAPE 2, 2,    N, M, RZERO, ROUT. GNU, H  ,JITER,IFIN 

2 FORMAT (2I<i.4E15.8/216) 
READ INPUT 
FORMAT (IS, 
All) 

20 

30 

32 

40 

42 

50 
10 

TAPE 2. 3, 
4E15.8 ) 

1.0 - GNU 
GNU/AU) 
3.0 - 4.0*GNU 
1.0 - 2.0*GNU 

LITER, ALPHA, DELTA, CONST, PMU 

• H/FM 
- 1.0/A(3) 
- A(4)»A(6» 
• A(I)«A(6) 
POUMP (A,A(B),1) 

A(2) 
A(3) 
A(4) 
FM - 
Am 
A(6) 
A(7) 
A(B) 
CALL 
K • 1 
CONTINUE 
60 TO (30,40),K 
NNN ■ N* 
00 32 I > 2,NNN 
Fl - I 
RO(I,K) 
Cl(ltK) 
C2(I,K) 
C3(I,K) 
C4(I,K) 
C5( I,K) 
C6(I,K) 
CONTINUE 
OKK) > 
GO TO 50 
NNN ■ N* 
00 42 I" 
Fl - I 
RO(l,K) 
CKI.K) 
C2(I,K) 
C3(I.K) 
C4(I,K) 
C5(I,K) 
C6U,K) 
CONTINUE 
Dl(K) ■ 
GO TO 60 
WRITE OUTPUT TAPE 10,10, 
FOKMAT (1H1 3X 8HRZER0 • 

R2ER0 ♦ (Fl - 2.0) • A(S) 
A(5)/R0(I,K) 
CKI.K) • CKI.K) 
1.0 ♦ (0.5 • C1(I,K)) 
1.0 - (0.5 • CKI.K)) 
A(3) ♦ A(1)«C2(I,K) 
1.0/C5(I,K) 

.0 

NNN 

ROUT - (F|-2.0)»A(5) 
A(5)/R0(I,K) 
CKI.K» • CKI.K) 
1.0 - ( 0.5 • CKI.K)) 
1.0 ♦ ( 0.5 • CKI.K)) 
A(3) ♦ A(1)»C2(I,K) 
1.0/C5(I,K) 

•1.0 

R2EftO,RüUT 
F10.5, 3X 7HR0UT ■ F10.5//) 
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f '■ »- —     .-.-T-^CT.T 

LAMINATED   BEARING 04/20/6* PAGE   2 

WRITE   OUTPUT   TAPE   10.11.   GNU.   M.   H.   N 
11 FORMAT   OX  6HGNU   -   FIO.S.   3X   4HM  ■   15.   3X   4HH   -   F10.5.   3X  4HN  > 

115//) 
WRITE  OUTPUT   TAPE   10.12.   LITER.ALPHA,DELTA. CONST.PMU 

12 FORMAT   (IX   8HLITER   >   15«   3X     BHALPHA  ■   FI0.5.   3X   BHDELTA  -   F10.5 
1.    3X  6HC0NST   •  F10.5.    3X  6HPMU  ■   F10.5////) 

60  CALL     SOLUT 
GO   TO   (89.108).K 

89 GO   TO   (108.90)   ,   1CLUE 
90 K   »   2 

GO   TO   20 
108  CONTINUE 

GO   TO   110 
400  CONTINUE 

GO   TO   UO 
500  CALL   DUMP 

ENDd. 1.0.0.0.1.1.1.0.1.0.0.0.0.0) 
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&--J 

04/20/64 

SUBROUTINE  SOLUT 
DIMENSION AlBtt R0(40l,2), CU40l,2», C2(401t2J,i 
lC4U0lt2). C5U01,2), C6C40l,2), 01(2)* U(401tlQ)i 
lUUU(lO). MWMdOlt  UUIlOt WW(LO) 
COMMON  M, RZERO. ROUT. H. A, RO, 
1C0NST. K, JITERi IFIN, Cl, C2t C3 
MM - M » 1 
MMM • M ♦ 2 
KN - N^l 

C1U01. 
W(401 

1.2) t 
.10». 

N. LITER. ALPHA, DELTA, 
C4, C5, C6. 01 

2. MMM 
0.0 

•(FJ-2.0)*DELTA/FM 

NNN - N*2 
FM - M 
00 10  J • 
U(NNN.J) - 
FJ - J 
H(NNN.JI ■ 

10 CONTINUE 
00 IS I > 2.NN 
U(I.MMM) - 0.0 
Ml I.MMM) - -DELTA 
WII.2) ■ 0,0 

15 CONTINUE 
DO 20 I - 2.NN 
DO 20 J - 2.MM 
FJ • J 
UII.JI > -DUK»»C0NST»OELTA«(1.0-(<FJ-2.0)»A(5)/H»»»2» 
1»EXPFI01(K)*IR0(2,K)-R0II.K))) 
Wd.J) - -(FJ-2.0M0ELTA/FM 

20 CONTINUE 
IJ - 1 
JJITER - JITER 
00 110 ITER ■ 1.LITER 
DO 25 I > 2.NNN 
U(I.l) - Uli.9) 
Wd.l) - -M(I,3) 

25 CONTINUE 
DO 30 J ■ 2.MM 
Ull.J) ■ U(3.J)«D1IK)»AI2)*(2.0«C1(2.K)*U(2.J)«M(2.J«1)-WI2,J-1)) 
M(l.J) ■ M(3.J)«DllK)*|iJI2.J>l)-Ut2.J-l)) 

30 CONTINUE 
U(l.l) ■ U(1.3) 
Wd.l) ■ -Md.3) 
00 80 I ■ 2.NN 
00 50 J ■ 2.MM 
UEVAL ■ 0.5«C6II.K)»(01(K)»0.25*IWd«l,Jd)-Ud-l,JdHM(I-l.J-ll 
l-Wd*l.J-l))*A(4)>IUd.J-ll*Ud..J*l))*2.0*Ad)«(C3II.KI«UIId.J) 
l«C4d.K)>Ud-l.J))) 
UU(J) - ALPHA • UEVAL ♦ d.O-ALPHA) • Ull.J) 
IF U-2» 45.40.45 

40 HM(2> - M(1.2) 
GO TO 50 

45 MEVAL - 0.5*A(7)«IC4d,KI>Md-l.J) ♦ C3(I .K)«Wd*l . J )) 
l»A(8)«IMII.J-l)«Md,J«l))« DllK)*0.12S«A(a)»IUII«l.J»l) 
l-Ud-l.J*l)*Ud-I.J-l)-UII*l.J-l))*0.25*Aia)*Cld.K) 
I sill ( t . I«l I-I I I I -.1-1 II iMUd,Jd)-ud.j-in 
HMUI - ALPHA • MEVAL 

50 CONTINUE 
♦ d.O-ALPHA) # MII.J) 
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04/20/6* PAGE 2 

IF (1-2) 60,60,70 
60 00 65 I * 2,MM 

UUU(J) - UUU) 
MWWUI « WMU) 

65 CONTINUE 
GO TC 80 

70 DO 75 J»2,MM 
Ul l-UJ) - UUU(J) 
W( I-1,JI ■ HMW(J) 

75 CONTINUE 
CO 79 J - 2.MM 
UUU(J) > UUU) 
MHW(J) ■ MW(J) 

79 CONTINUE 
80 CONTINUE 

00 85 J - 2,MM 
U(NN,J) • UUUU) 
MlNNiJ) • MMH(J) 

85 CONTINUE 
IFUTER - 1FIN) 101, 105, 105 

101 IF (ITEM - JJITER) 110,104,104 
104 IJ « IJ*1 

JJITER * IJaJITER 
105 INCR ■ 1 

JJ - 1 
KK - MMM - 6 

102 IF (KK)106.107,107 
106 JJJ* MMM 

GO TO 108 
107 JJJ ■ INCR • 6 
108 WRITE OUTPUT TAPE 10.1, ITER 

1 FORMAT (1H1 17H1TERATI0N  NO. - IS///) 
WRITE OUTPUT TAPE 10.3 

3 FORMAT I 7HU ARRAY//) 
WRITE OUTPUT TAPE 10.2. (IUII,J)• J-JJ.JJJ).I-l.NNN) 
WRITE OUTPUT TAPE 10.4 

4 FORMAT (//7HW ARRAY//) 
WRITE OUTPUT TAPE 10.2.(IW(I.J). J>JJ.JJJ).t>1.NNN) 

2 FORMAT (6I4X £15,8) ) 
IF UJJ-MMM) 109,103.109 

109 KK ■ KK-6 
INCR - INCR ♦ 1 
JJ ■ JJ+6 
GO TO 102 

103 CONTINUE 
110 CONTINUE 

RETURN 
END!1,1,0,0.0.1.1.1.0,1,0,0,0,0,0) 
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APPENDIX B 

ANALYTICAL APPROXIMATION AND COMPUTER SOLUTION 
FOR AN INCOMPRESSIBLE ELASTOMER 

Governing equations are again written in cylindrical coordinates,   as 
shown in Appendix A.     The equations of equilibrium remain the same, 
but the stress-strain relations become 

a. . = P 6. . + 2Ge. . 
ij ij iJ (B-l) 

where an additional unknown pressure,  P,   is introduced into the relation 
due to incompressibility.    Furthermore,   since there is no volume change, 

eii = 0 (B-2) 

and strains are deviatoric.    Taking into account the axial symmetry 
property,  the nonvanishing strains are 

er = ■1 
€e = 

r 

ez = äz 

€rz -i {%+ or]   • (B-3) 

Substituting the stress-strain relation and the strain-displacement 
relation into the equilibrium equation, we obtain the governing equation 
in terms of displacement. 

2 2 

ar2 
+ ?#-T+^2 = -^---. (B-4a) 

5 w .  1 öw .  ö w 1 5? 
dr2      r or     5z2 - " G öz  '  *  '  * (B-4b) 
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Since there are three unknowns,   u,w,   and P,  three equations are needed; 
the third equation is furnished by equation (B-Z), 

or 

or     r      oz (B-4c) 

Equations  (B-4a,   b,   and c)    coupled with boundary conditions 

u = 0 z = + h 

c 
vr = w 

o 
a     =0 rz 
a     =0 rr 

z = + h 

z = - h 

r = r. and r 
i o 

r = r.  and r 
i o (B-5) 

completely define the problem.    However,  the deformations  are extremely 
complex,   owing to the imposed boundary conditions,   and the mathematical 
analysis becomes intractable.     Thus,   the use of approximate methods and 
computer solutions becomes necessary, 

APPROXIMATE SOLUTION 

Because of the geometry of one lamination, [ h« (r0 -  r^) ] ,   the boundary 
conditions (J rr - 0 and ^ Tz ~ 0 may be replaced by an average condition. 

Let 

a     = rr 2h J a     dz = 0 rr 
-h 

' 

a     = rz k / a     dz = 0 rz 

(B-6) 

-h 

that is to say, the system of forces acting on the boundary is replaced by 
an equivalent system. By Saint Venant's principle, this replacement will 
produce negligible influence at some distance away from the boundary. 
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Consider a solution of the form 

-1. .2*2, u= (ar -br""1-)  (i - z^) ... 

/ 2   \ 
w = -2az    1 - 

3h' 

(B-7) 

{B-8) 

where a and b are constants.    Substituting equations (B-7) and (B-8) into 
the governing equations,   it is found that equation (B-4c) is identically 
satisfied and that equations (B-4a) and (B-4b) yield 

P/G = a ^ 2| ^r + 2a(l -2_) + c2 .., (B-9) 

where C^ is  a constant. 

This solution satisfies boundary conditions on z =±h)   identically, 
provided 

a     4 h    • 

The average boundary condition on r = r^ and r0 gives 

h h 

k J l7dz + k jp/Gdz = o... 

(B-10) 

(B-ll) 

-h -h 

2h    J    hzaz + 2h    J   or dz = 0 .... (B-12) 

-h -h 

Substituting equations (B-7),   (B-8),   and (B-9) into (B-ll) and (B-12),  the 
last equation is satisfied identically and equation (B-ll) yields 

^ (a + br-2) + ^ 
/    2 r 

2" - b l^r\ + ^+ c2 = o 

or 

a2..Sk^r + kbr-2i+a 
0 (B-13) 
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Hence, 

r2 

1 2b 

IT     h 

2b   . 4^-28 
■2^ri + 3bri     +3a+C2 = 0 

r2 

h 
^Wro + ibr0-

2 + fa+C2 = 0 

(B-13a) 

b = 

v2|ro a h l-r ^1 
21*1 r /r. + ^ 

o'  i 

i,2      v,2 h       h 

r? 
1 o . 

(B-14) 

C2 = -   a 

2 r. 
i - U r. -f j a + | b r1 

-2 (B-15) 

The pressures at the top and bottom boundaries (bonded surface) can be 
calculated from equation (B-9). 

P/G 

z = ± h h^     h^ 2 
(B-16) 

where a is substituted froni (B-10) and 
b and C2 from above. 

The total axial force on the bearing is computed by integrating equation 
(B-16) over the surface of z = h (the bonded surface). 
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/ 
F/G = (P/G) r dr dB 

2Tr 1 
rl 

^ ^-3|r^r + C2r|dr 
h        n 

F/G TT 
r'2 K arl.gb 

tiu r 4- 
^^ 

,r 

(B-17) 

Average pressure on the bonded surface is the total force divided by the 
area,   or 

ave 
G 2        2 r    - r. 

o        i 

,2   arl     2b   .    ^  . b.   „ 

r 
-\ o 

(B-18) 

J. 

To find the maximum pressure on the bonded surface (z = h),   radius is 
found at which pressure is maximum by differentiating equations (B-17) 
and then substituting that radius into equation (B-16). 

and 

G dr     ,2       ,2 r ~ u 

=^ 
(B-19) 

Now 

P max 
G h     h 

1-2 -u/b/a + C, (B-20) 
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The stress distribution at the inner and outer radial boundaries is now 
approximated by 

G       ^ Or     G 
(B-21) 

and by 

where from equation (B-7) 

fe-(-*7)('-S)- 

rz _ o^ 
G    " öz ' (B-22) 

where from equation (B-7) 

b      2z ar -r 
r/     h2 

Consider now a typical example: 

r-     =    0.75 inch 

r^    =    1.125 inches 

0.75 (10'3) inch 
(width-to-thickness ratio of 250). 

If the ratio of axial compressive deformation to the elastomer thickness 
is chosen as 

w 

then 

if =(10-3), 

a = 0.75 (10"3) 

b ~ 1.156 (IG'3) h 

C2 «- 1.415 (10"3) 
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The pressure on the bonded surfaces can be computed from equation (B-9): 

2 
P/G ^ " a ^2 " ^2 ^ r + C2 

zs=h h       h 

and 

2 
0.75(10"3) ^r - 2.312(10"3) U r - 1.415(10"3) 

r r/h 

103 

^i r 

0.75" -0.2877 
0.825" 1.1 (103) -0.1924 
0.90" 1.2 (103) -0.1054 
0.975" 1.3 (103) -0.0253 
1.05" l.U (103) +0.0488 
1.125" 1.5 (103) +0.1178 

0 
0.0629(103)G 
0.0915(103)G 
0.0892(103)G 
0.058(103)0 

0 

Average pressure is computed from equation (B-18): 

ave 
G 

z=h 
2        2 r   - r. 
o        i 

/   2 ar 
2h 

r 

?ur+:-+c
2| 

= - 0.0629 (10"3) 

or,   in magnitude, 

Pave = 0- 0629 {10'3)G     (psi when G is in units of psi). 

The total axial force applied is the average pressure multiplied by the 
cross-sectional area of 2. 2 inches   . 

•a 
F   = 0. 1384 (10   ) G     (pounds when G is in units of psi) 

Maximum pressure occurs from equation (B-19) at 

r = V"Va     = 0»931 inch 
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and is of magnitude,  from equation (B-20), 

P = -0.0941 (IG3) G (psi) max x        i       \r    i 

P _.                   ,   max ,   _ 
The ratio of—   is 1. 5. 

•^ave 

Radial stress on the inner radial boundary is 

G        ^ or      G 

z/k  JL 
0 1.812 {10'^) G (midway between bonded 

surface) 

1/4 1.427 (10"3) G 

1/2 0.485 (ICT3) G 

3/4 -1.176 (10"3) G 

1 -3.5 (lO"3) G  . 

Shear stress on the inner radial boundary is,  from equation (B-22), 

rz _ öu 
G        öz 

or 

arz = 0.812 ^G (psi). 

This example is also a test of the approximation.    From the above 
calculations for stress on the inner boundary,   it can be seen that radial 
stress,  a T,  is of the order of (lO-3 G); and with G = 100,  for example, 
the radial stress is still of the order 0. 1 psi.    This is small as compared 
to the pressure developed within the bearing.     Shear stress on the bound- 
ary varies from zero to 0. 812 G.    This is not small as compared to other 
shear stresses; but since a shear stress on this boundary does not in- 
fluence greatly the pressure within the bearing, this is not a source of 
serious error.     The approximation is considered to be very good for a 
wide, thin annulus. 
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COMPUTER SOLUTION 

Due to symmetry with respect to z = 0,  only h.\lf of the bearing need be 
considered; if z is positive,  the symmetry condition then states 

w ( r,0) = 0 

02 = 0 
1 z=0 

ÖZ = 0 

■:=0 

\ 

(B-23) 

w(r,0+) = - w(r,0") 

To solve this set of equations (B-4a,  b,  and c) by the finite-difference 
method,   it is convenient to find an equation involving P explicitly.     This 
can be achieved by differentiating between equations (B-4a) and (B-4b) 
rather than by using equation (B-4c).    Thus, 

or2      rör      äz2 
(B-24) 

It is noted that equation (B-24) implies 

,2 /öu u Sw 
V       or      r      öz = 0 (B-25) 

rather than 

or      r     07, (B-26) 

It is thus necessary to specify     öu+li+öweiQ      on the boundary. 
or      r     öz 
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i-Hl 

i*i 

i..1-l 

i+l..1 

-—D- 

Written in finite-difference form,  equations:  (B-4a),   (B-4b),   and (B-24) 
become 

2 ^ + J > + RTT 
D 

ui,j = (ui-frj + ui-i,j) + WT! (i-fij - Vi.^ 

■.,2 D 
•   (ui,j+l 

+ ^J-^ + 2H  (Pi+l,j " Pi-l,J^ <B-27a) 

2\ 

2 
D 

Wi,j = (wi+l,j 
+ Vl,^ + 2R(lT (wi+l,j " Vl.J 

D2 JiL 
+ ^2 (wi,j+1 ■f Wi,M) + 2C,H (Pi,j+l " ^^-l5 (B-27b) 

2    14-2- 
1      c2/ 

D 
P.       .    =    (P.0       .    +    P.     ,      .)   +    OD/TN     (P.,-      .    -   P.     T      .) 
i,j       v i+l,j        i-l,J        2R(I)      i+l,j        i-l,J7 

+ -2 (pi,j+i
+ pi(j-i> 

(B-27c) 

where 

U w.   . = Jf  ; and P = P/G .     %r*   ,    w.>j = . 

H = h. 
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Treatment of equations at boundary: 

i. 

Since the boundary conditions involve derivatives,  fictitious points are 
introduced outside.    The values of those points are found from boundary 
conditions. 

At r = r. 

l.J        3,0 2,0+1        2,J-1 

P2,0 = Ul,0 " "l.i 

U1,J = U3,J + W)    U2,0 + C ("2,0+1 W2.0-l) 

At r = r 

(B-28) 

WNNN,j  WNE,j + UNN,j+l " ^NJ-l 

PNN,j = ^EJ " \m,3 

R D   , 
UNNN,J '   ^E.j ' R(NN) "WNJ " C  lWNN,j+l WNN,j-l) (B-29) 

These equations,  coupled with field equations (B-4a) and (B-4b),   are 
enough to solve for the values at boundaries r^,   r0 and the fictitious 
points.    However,   it is not desirable to indroduce any fictitious points 
with P as unknown.    Hence, ^P is written in terms of forward or back- 

er   , 
ward differences,   and equation (B-4a) is modified accordingly. 

9P       1    / 
§7 = 2D  (r Pi+l,i " 3 Pi  j  " Pi+2 y    (fc>rward difference). (B-30) i 

ör = 2D^3Pii"4 Pi-1   ] + Pi-2   ^ <backward difference). (B-31) 

At z = h,   u and w are given but P is found through equation (B-24).    In 
order to achieve this,   it is necessary to introduce a fictitious point for 
P.     The value of P at this point is found by using equations {B-4c) and 
(B-4b). 
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This set of finite-difference equations is solved by using the successive 
relaxation method.    Values of u,  w,   and P at one point are calculated 
from values at neighboring points; they are ueva

t  w
eva,  and Peva.    New 

values of this point are obtained from ueva,   etc. ,   through 

uneB - » ueva + (l - a) u°ld. 

These new values can then be substituted for the old values immediately; 
then one can proceed to the next point. 

Note on computer data: 

Owing to the limitation of computer memory,  the dimension of the bear- 
ing has been changed to 

ri   = 0.75 inch 

K " ri)/2h     = 50 
_ 3 

h   =1x10       inches. 

The approximate solution is used as the first guess. 
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Figure 8.    Main Flow Chart. 
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LAMINATED  BEARING 

C 
C      INCOMPRESSIBLE  MATERIAL 
C 

DIMENSION   R0(500)»   B(8)f   ARKSOO),   AR2(500),   AR3I500),   AR4(500) 
COKMON     M«   RZERO,   H,   RO,   Nt   LITER«   ALPHA,   DELTA,   BATA,ROUT,     B,C»0 

1,IFINVJITER,AR1IAR2,AR3,AR4   ,CONST 
110   READ   INPUT   TAPE  241»   KLUE 

1 FORMAT   (15) 
GO TO (500,100,300,4001,KLUE 

100 READ INPUT TAPE 2»2,    N, M, RZERO, H, PMU, DELTA,ROUT,CONST 
2 FORMAT   (2IS,4E15,8/2E15.B) 

READ   INPUT   TAPE  2*3t LITER*  JITER,   IFIN,   ALPHA,   BATA 
3 FORMAT   (3I5,2E15.8) 

WRITE  OUTPUT   TAPE   10,10,   RZERO,   H,   PMU.  DELTA,ROUT,CONST 
10 FORMAT   (INI   3X  8HRZER0   ■   F10.5,   3X  4HH -   F10.5,3X  6HPHU «   FIO.5^ 

13X   8HDELTA   *  F10.5/3X   7HR0UT   «   Fl0.2f3X  8HC0NST   «   F10.5//) 
WRITE  OUTPUT  TAPE   10,11,   N,   M,   LITER,   JITER,   IFIN,   BATA,   ALPHA 

11 FORMAT   (IX  4HN  *   15,3X   4HM  >   15,   3X   8HLITER   -   15,   3X   8HJITER  -   15/ 
13X  7HIFIN   n     15,  3X   7HBATA  ■   F10.5,   3X  8HALPHA   ■   F10.5////) 

FM  ■   M 
NN  «  N+2 
C   «  H/FM 
D   «  C»BATA 
BID - O/C 
B(2) - B(l)"2 
BI3) > 1.0 ♦ B(2) 
B(4) - I.O/C 
B(5) ■ 1.0/0 
B(6) « C«B(1) 
R(7) - 6(4)*B(1) 
HIS) - 1.0/B(3) 
GO 150 I > 2,NN 
FI « I - 2 
RQ(I) « RZERO ♦ F|»0 
ARUI) • l.O/'1  I) 
AR2II) - D»A<4<I) 
AR3(I) « 2.0*8(3) ♦ AR2m»»2 
AR4(I) « 1,0/AR3(I) 

150 CONTINUE 
CALL POUMP (R0,R0110) ,1,8, BIB), »UARl,ARl(10),l,AR2rAR2(lO», 
11^AR3VAR3(10)«UAR4,AR4(10) tl) 
CALL SOLUT 
GO TO 110 

500 CALL EXIT 
300 CONTINUE 
400 CALL DUMP 

ENDd, 1,0, 0,0. Um.0,1,0,0 .0,0, • 0) 
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SUBROUTINE     SOLUT 
DIMENSION     RCM500),   U( 500,131 ,W(500, 13 ) ,   P(500v13) 

1, B ( 8 ) . ARU 500) , AR2 ( 500) , AR3 (500) t AR41 500) 
COMMON    H.   RZERO,   H,   RO,   N,   LITER,   ALPHA,   DELTA,   BATA.ROUT,     B,C,D 

l,IFIN,JITER,ARllAR2,AR3,AR^   .CONST 
MM   >   M+2 
NN   «   N*2 
MMM   «  H+3 
NNN   «  N+3 
NE   ■   N*l 
ME   ■   M+l 
RRU   ■   1.0 
RRW   •   1.0 
RRP   ■   1.0 
AA   «   0.75»DELTA 
Bß«   AA*(ROUT**2  -  RZERO*»2)   /   (2.0»LOGF(ROUT/RZER0)  -(4.0/3.0)* 

im.O  /K0UT)*«2  -   (1.0   /RZER0)**2)) 
DO   10   I   «   2,NN 
DO   10  J»2,MM 
FJ   «  J -  2 
U(I.J)   >   (AA   •   RO(I)   -   BB   •   ARUIH»   (1.0  -(FJ»C)»*2) 
W(I,J)   «  -   2.0   •  AA   •   (FJ«C)   •   (1.0  -   (FJ»C)«»2/3.0J 
P(I.J)   »  AA*   (R0(I)**2   -   RZERn»*2l*2.0*B8*   LOGF(RZER0*AR1(I)) 

1+2.0   •  AA*   (1.0  -   (FJ*C)**2)   -  8.0*AA/3.0-4.0*BB/(3.0*RZERO**2) 
10  CONTINUE 

P(2,MM)   «   0.0 
P(NN,MM»   «   0.0 
DO   20   I   «   2,NN 
Ud.MM)   >   0.0 
Wd.MM)   -   -DELTA 
W(I,2)     «   0.0 

20  CONTINUE 
DO   30   I   >   2,NN 
W(I,1)   >  -W(I,3> 
U(I.l)   «  U(I,3) 
P(I.l)   «  P(I,3) 

30  CONTINUE 
INCR   >  1 
JJ«1 
KK«MM-6 

1123   IF   (KKI   1130,1131,1131 
1130 JJJ-MM 

GO   TO  1151 
1131 JJJ-INCR  •  6 
1151   WRITE  OUTPUT  TAPE   10,3 

WRITE  OUTPUT   TAPE   10,2,((U(I.J) ,   J»JJ,JJJ).I«l ,NNN) 
WRITE  OUTPUT  TAPE   10,4 
WKITE  OUTPUT   TAPE   10,2,((W(I,J),   J«JJ,JJJ),1*1»NNNI 
WRITE  OUTPUT   TAPE   10,5 
WRiTE  OUTPUT   TAPE   10,2, UPd ,JI ,J"JJ* JJJ) , t-1,NNN) 
IF   (JJJ-MM)   1155,1160,1155 

1155   KK-KK-6 
INCR   -   INCR  ♦   1 
JJ   ■   JJ+6 
GO   TO  1128 

1160  CONTINUE 
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IJ - 1 
JJ1TER > JITER 
DO 200 ITER « I,LITER 
RU > 0.0 
RM * 0.0 
RP » 0.0 
UO 35 J « 2,ME 
LMl.J) « U(3>J) ♦ 2.0«AR2(2)>UI2,J) ♦ B( 1) •( W( 2 , J^l )-W( 2, J-i ) ) 
UEVAL  ■ AR4(2)*( (U(3*J) * Ud.JM ♦ 0.5«AR2 ( 2 ) • (U(3, J )-U( 1. J ) ) 

I* BC2)»JU(2tJ*l) ♦ U(2.J-n) ♦ 0.5»0«I*.0«P(3,J) - 3.0»P(2,J) 
l-PC4fJ)n 
PEVAL  « B(5)*(UII.J) -U(3,J)) 
IF ( ITER - JJITEK) 34,29,29 

29 UU » ABSFCUEVAL - U(2,J)) 
PP « ABSF(PEVAL - P(2tJ») 
IF (RU - UÜ) 31,32,32 

31 RU « UU 
32 IF (RP - PP) 33,34,34 
33 RP « PP 
34 U(2,J)» ALPHA • UEVAL ♦ (1.0 - ALPHA) • U(2,J) 

P(2,J)» ALPHA • PEVAL ♦ (1.0 - ALPHA) • P(2.J) 
IF(J-2) A5,40,45 

40 GO TO 35 
45 W(I,J) «W(3,J)*B(U»(U(2,J*l)-U(2, J-l) ) 

WEVAL   «   0.5*   8(8) • ( (WO, J )*M (1, J ) ) ♦O. 5*AR2 (2 ) 
l*(W(3v>J)-W(l,J) )^B(2) •(W(2,J*1)*W(2,J-1) )+0.5»B(6» 
l»(P(2BJ*l)-P(2,J-l))) 

IF   (    ITER  -   JJITER)   38,36,36 
36 MW   ■   ABSF(MEVAL   -   M(2,J)) 

IF    (RH  -   WW)   37,38,38 
37 RW   •   WW 
39 W(2,J)= ALPHA • WEVAL      ♦ (1.0 - ALPHA) • W(2,J) 
35 CONTINUE 

DO 100 I • 3,NE 
DO 80 J ■ 2,MM 
IF(J - KM) 60,65,65 

60 UEVAL ■ AR4(I) • ( ( UU ♦! , J ) ♦Ud-l, J ) I ♦0. 5»AR2 ( I ) • ( UU ♦! , J ) 
l-U(I-l,J»)*B(2)»(U(I,J*l)*U(I,J-l))*0.5»D»(P(I*1,J)-P(I-1,J))) 
PEVAL « 0.5»H(8)»((P(I*1,J)*P(I-1,J))*0.5«AR2(I)»(P(I*1,J) 

1-P(I-l,J))*H(2)«(P(I,J*l)*PJI,J-l))) 
IF ( ITER - JJITER) 64,59,59 

59 UU ■ ABSFIUEVAL - U(I,J)) 
PP « ABSF(PEVAL - P(I,J) ) 
IF (RU - UU) 61,62,62 

61 RU • UU 
62 IF (RP - PP) 63,64,64 
63 RP » PP 
64 U(I,J)» ALPHA • UEVAL * (1.0 - ALPHA) • U(I,J) 

P(I,J)« ALPHA • PEVAL ♦ (1.0 - ALPHA) • Pd.J) 
IF (J-2) 75,70,75 

70 GO TO 80 
75 WEVAL ■ 0.5»B(8)*((W(I*l,J)*W(I-l,J))*0.5»AR2m»(W(I*l,J) 

l-W( I-1,J))*BU)»(W( I,J*1)*W( I,J-l))*0.5»B(6)MPl I,J*l)-P(I,J-l) )) 
IF ( ITER - JJITER) 77,74,74 

74 WW s A6SF(WEVAL - W(I,J)) 
IF (RW - WW) 76,77,77 
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76 KW * MM 
77 M(I,J)s ALPH* • MEVAL      ♦ (1.0 - ALPHA) • Md.J) 

GO TU 80 
65 Pd.MMM) =P( I ,ME)*4.0»B(4)»(M(I,MM)-W( I,ME) ) 

PEVAL = 0.5»B(9)»((P(I*l,MM)*P(I-l.MM))*0.5»AR2(I)»(P(!♦! 
1P(I-1,MM))+ rt(2)»(P(ItMMMJ + P( I.ME))) 
IF ! ITER - JJITER) 79,81,81 

81 PP = ABSF(PEVAL - P(I,Jl) 
IF (RP - PP) 79,79,79 

78 RP * PP 
79 P(I,MM) = ALPHA • PEVAL ♦ (1.0 - ALPHA) • Pd.MM) 
30 CONTINUE 

100 CONTINUE 

,MM)- 

- 2.0*AR2(NN)*U(NNtJ) - B(1 )•IM(NN,J + l) 

0.5*AR2(NN)*(Ü(NNN,J) 
0.5»ü»( 3.0«P(NN,JI 

1-W(NN,J-1)) 
UEVAL   = AR4(NN)«nu(NNH,J) ♦ U(Nc,J)) ♦ 

1-UINE,J)) ♦ S(2)«(U(NN,J*l) ♦ U(NN,J-1)) 
44.0«P(ME,J) ♦ P(N,J ) ) ) 
PEVAL = 8(5)MIJ(NE, J) - U(NNN,J)) 
IF I ITER - JJ!TER) 85,86,86 

86 

32 
83 

84 
85 

PEV 
IF I 
UU 
IF 
RU 
PP 
IF 
RP 

i ITER - JJ!TER) 85,86,86 
= ABSF(UEVAL-U(NN,J) ) 
(RU - UU) 82,83,83 

UU 
= ABSF(PEVAL-P(NN,J)) 
(RP - PP) 84,85,85 
3 PP 

U(NN,J) = ALPHA • UEVAL 
P(NN,J) = ALPHA • PEVAL 
IF (J-2) 89,87,88 

(1.0 
(1.0 

- ALPHA) 
- ALPHA) 

U(NN,J) 
P(NN,J) 

87 GO TU 95 
89 M(NNN,J! =M(NE,J)-B(I)•(U(NN,J*1)-UINN,J-l)) 

MEVAL - 0.b«H(8)»((W(NNN,J)*M(NE,J))*0.5»AR2(NN) 
1«(W(NNN,J)-M(NE,J))^B(2)     •(M( NN,J*I)»M(NN,J-l))»0. 5»B(6) 
1«(P(NN,J*1)-P(NN,J-1))) 
IF ( ITER - JJITLR) 93,89,99 

39 MM « ABSF(MEVAL-MINN,J) ) 
IF (RM - MM) 91,93,93 

91 KM -   MM 
93 M(NN.J) * ALPHA • UEVAL ♦ (1.0 - ALPHA) • W(NN.J) 
95 CONTINUE 

00 110 I 
U(I,1) * 
M(I,1) 
PII,1) 

«   2,NN 
U(I,3) 
-M(I,3) 
P(I,3) 

110   CONTINUE 
IF   (ITER-IFIN)    120,125.125 

120   IF   (ITER-JJITER)   200,135,13! 
135   IJ=IJ*1 IJ=IJ*1 

JJITER 
RUU 
RMM 
RPP 
RRU 
RRM 
RRP 

RU/RRU 
RW/RKM 
RP/RRP 
RU 
RM 
RP 

IJ»JITER 
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125   INCR   ■   I 
JJ   -   I 
KK   »   MM      -   6 

128   IF   (KK)   130.131,131 
130 JJJ-   MM 

GO   TO   150 
131 JJJ   ■   INCR  •   6 
150   WRITE   OUTPUT   TAPE   10*1*    ITEK 

1 FORMAT   (IHI   17HITERATI0N     NO.   ■   IS///) 
WRITE   OUTPUT   TAPE   10,3 

3 FORMAT   {   7HU   ARRAY//) 
WRITE OUTPUT TAPE 10,2,(IU(I,J), J«JJ,JJJ),I>1,NNN) 
WRITE OUTPUT TAPE 10,4 

4 FORMAT (//7HW ARRAY//) 
WRITE OUTPUT TAPE 10,2,((W(I , J), J'JJ, JJJ) , I«l,NNN) 
WRITE OUTPUT TAPE 10,5 

5 FORMAT I//7HP ARRAY//) 
WRITE OUTPUT TAPE 10,2,((P(I,J),J'JJ,JJJ),I«1,NNN) 

2 FORMAT (6(4X E15.8) ) 
WRITE OUTPUT TAPE 10,6, RU, RUU, RW, RWW, RP, RPP 

6 FORMAT 1//2X 5HRU - EU.6, 2X 6HRUU - EI2.6, 2X 5HRW > E12.6, 
12X 6HRWW ' E12.6, 2X 5HRP > E12.6, 2X 6HRPP - E12.6) 
IF (JJJ - MM) 155,160,155 

155 KK ■ KK-6 
INCR - INCR ♦ 1 
JJ - JJ4-6 
GO TO 128 

160 CONTINUE 
200 CONTINUE 

RETURN 
END(1,1,0,0,0,1,1,1,0,1,0,0,0,0,0) 

48 



^tfH • . 

lOOh- 

BONDED SURFACE 

PLANE OF SYMMETRY 
T 
2h 

BONDED SURFACE 

r0« 1.1333 rj 

Q 
Ef- 

D* 

C<> 

Bf 

A 

B"- 

/ 

b' 

ENLARGED  VIEW SHOWING GRIDWQRK 

d'      BONDED SURFACE 

PLANE   OF SYMMETRY 

BONDED SURFACE 

a 
tE 

i,C 

• A 

B 

INSIDE EDGE OUTSIDE EDGE 
V 

1. Upp«r oai« l»tt«ri on grid,  Figur« 6 rtfar to eoluant on oosputor output. 
2. LoMir OAM lottert rofor to row fro« «Ithor ond M notod. 
3. U trtay donotoi radial dloplaooaont. 

aauvlo: 0.73755702 E - 01 moan» U- 0.073755h 
k.   W array donotot axial dltplaeoaant. 

•xaj^l«: 0.'«30l4l4931 E • 02 naano w ■ 0.0O14304h 
5.    P array donotot protaur«. 

oaMvlo: 0.13766537 E - 00 ooant P - O.13768G 

Figure 10.    Geometry and Key to Computer Output. 

49 



■. .».. ' mmmm  - 

itiitiinN   NO. •     too 

u »•«•» 
(M9t"~V       Cdun« B' 

Rowe* 
nowtT 

610MJim-Ol 
.-o.6ni»ii»*i-oi 
-O.HNOJOll-Ol 
•0.k<ilO«>«2f-Ol 
-O.»i«1505»l-Ol 
-o.»i»»ii«e-oi 
•0.J1MJTT»l-0l 
•0.t«*0*l»ll-01 
•0.»»»}»0JJI-0l 
•O.lt**«0«)l-Ol 
•0.IMM*«OI-0l 
-C.»l»»»l»l(-OI 
•0.tl01*>IOI-Ot 
-0.»»»iJJJOI-0» 
-O.MO««02»f-01 
-0.**UHI*(-0I 
•O.MUSt>»(-OI 
-0.*lTSIII«f-01 
-0.*]»)l*tE-01 
-o.*o*uoroi-oi 
•e.ititiTioi-oi 
-0.>t«0')*««-01 
•C.l**IO«J»t-Ol 
•O.liOtTMTE-01 
-O.iilTtniE-Ol 
-s.iniTTiit-oi 
-O.IOTOOiOTC-Ol 

•o.2ri)oi»o(-oi 
-0.I*)4fMIE-0l 
-0.2t«»*lS«(-0l 
-0.2)iU30»l-Ol 
•O.I210TII6E-01 
-o.io6<o««se-oi 
•o.iimme-oi 
•o.iruiitic-ot 
-O.U»08)<>6f-Ol 
-o.i*Mioi»e-oi 
-O.IJJ6I01OE-OI 
•0.121«I1I>E-0I 
•o.ionnikE-oi 
•0.«llti400E-02 

-0.»4ITtt2*l-02 
-0.»OTiM2T(-O2 
•0.)*tt)*llf-02 
-0.2.-J6J44U-0J 
-0.««lt>«l*I-0) 
O.StTT«20tt-0) 
0.1«*2llOOE-02 
0.t>»4t>t*f-02 
0.*Ttl«0«*f-02 
^.»l»MJ»Te-02 
O.M»<»«»Tf-02 
o.iniioiii-oi 
0.10MI20TE-01 
O.UUIOOOE-Ol 
e.iiits^iw-oi 
0.1*>*l»>ll-OI 
0.1SnOt22(-01 
0.1T|lt0«ll-0l 
O.II?20)»OE-Ol 
e.2oioiuTi-ot 
O.Jl*»»0»«l-Ol 
0.2IH0>0«C-01 
0.1«2**Tl2f-Ol 
0.1J»»UTJf-0l 
0.2»02»J*2t-Ol 
0.2l*0«IIO(-OI 
o.2«Ti«im-ot 
t.llUriT2l-01 
0.>2l««100l-Ol 
0.>M20*1*I-01 
O.l'j2«tl0il-Ol 
O.l»»T0l»lE-0l 
O.>l0«ll**l-Ol 
O.)«*U«*2l-0l 
o.«ori«ro*i-oi 
e.«2U22IOI-Ot 
0.«»1**121-01 
0.«**3r2l*f-0l 
0.»»2IOO»«-0» 
0.*T»ll2Tt(-Ol 
0.»»02*»l»l-0l 
O.tOOOISSI-Ol 
0.$»TT*IT7t-0l 
0.ill*«»l«f*0l 
0.t«>21l«Ti-0l 
O.I»H>l2»f-Ol 
0.i72t2OIE-01 
o.ji»2«*2et-oi 
O.J»«0TJ)E-Cl 
0.tll*l2T*E-01 
O.»2T0l»2tE-Ol 
0.t«0*tlOSE-01 
0.*»»»T»2*E-0l 
0.*70IOIT«f-OI 
0.t«»*»0»lE-Cl 
omyattaM 

Column A 
..-aiM«iM»t-9t 
•0.'»lt0t»Ot-OI 
-a.7ij;»oo»E-oi 

-0.»l»OI1«».k-Ol 
•O.I0l»'l2U-Ol 
•O.*«t««12'>t-Ot 
-O.kTOJttnE-Cl 
•4.*>*»0»1<E-Ol 
-0.»JIT»CHt-Oi 
-0.*224aj««E-0l 
•0.*012U2aE-01 
-0.>«U*»IOE-Ol 
•o.»m«tm-oi 
•0.«tM*»2«l-0l 
•O.I*»2*2l*E-Ol 
•0.>2i»IM}E-0l 
-0.ll2t*«l«E-0l 
•o.Mmi*iE-oi 
-o.*ii'»*nt-oi 
-0.«*«i22a«E-Ot 
•0.4WT07TSE-OI 
-0.*»42ir4E-Ol 
•O.M«U2t1E-Ol 
-0.«0*}27J»£-Ol 
-0.)U41»2IIE-Ol 
-0.1T}52»TJI:-Ol 
•0.)tllt<i2U-Ol 
-O.)*280J«e-Ol 
-O.I2T*»«IIE-Ol 
-0.>12I>1«2E-Ol 
-<).2«6i5*42E-01 
-0.2lltT2*fE-Ol 
-0.2tila56lE-OI 
-O.lMOiJ'Jtt-Ol 
-o.jJiiiT*Jt-ni 
-a.2205962*E-01 
-n.20il40irE-0t 
•0.1«0I990*E-01 
-O.iri022t«E-Ol 
-o.i»»«»i*«e-oi 
-O.U»Tl<.7Te-Ol 
-0.124S)2T6E-Ol 
-0.ll**»4»«-0l 
•0.»»l»2TTTE-02 
•o.i«2r*»>aE-02 
-0.*42009l9E-02 
-0.>«1*1T9*(-02 
•0>}9O«r2O«E-O2 
-0.2«0»riltE-O2 
•O.fOtliOllE-Ot 
O.J»»9TT»tE-0) 
0.209)4«f)E-02 
0.)»«0«T2*E-02 
1.J0«»«JTTE-02 
o.»siij«6»e-o2 
0.*0T4t)11E-02 
0.«>*J«Tt«E-02 
0.110I4221E-01 
0.l2»»i0*IE-0l 
0.1*OI2»l*E-01 
O.UtllMlE-01 
0.lT001i2*t-Ol 

o.i'i»»i»««e-oi 
0.2t««*«O*E-Ol 
o.i:«     <>c-oi 
O.J«*' TE-O» 
0.2»«       «e-oi 
0.2t>»»»»»E-0l 
o.2it)i»et-oi 
0.)0>0>lktE-0l 
O.llTTIUIE-Ol 
O.I12*>1«U-01 
0.I4T14124E-01 
o.ui«;«oe-oi 
0.>T»»»««5E-0l 
0.I«1><>I21E-0I 
«.«osiaoioE-oi 
0.420«*7IIE-0l 
0.4»0I«IIE-01 
0.***T2«l<E-0l 
e.***)»«t)E-oi 
».«T«0l02fE-Ol 
0.*«l*S>tkE-01 
0.50IJOIUE-01 
0.S229S1I1E-0I 
o.>)Tta«T>E-ok 
0.»»J2»S0»£-0l 
0.tM«l***E-01 
O.»ll4»>»6fc-0! 
o.jni»j»»i-o» 
0.*10T«99*E-0l 
e.»2t)T2(«E-01 
e.*)990291E-0L 
o.ttonm-oi 
0.4*II2)»E-01 
0.*I1I0I01E-01 
0.»9«2»»90£-0l 
O.Tli9IW2l-Ol 
o.n«o(99ri-oi 

Column B 
0.*ttl»02K-01 . 

n2iUMi-oi 
flTI*lllll-Ol 
6'l0r«2(.H-0l 
6nuii«»i-oi 
6W>0l0ll-0l 
»O09it2E-01 

0.6.I1505*[-01 
0.*.>i»«l*t-0l 
0.t9ll217*E-0l 
0,J««0*l»lf-0l 
0.«t92t022E-0l 
o.tb*«ioiii-ai 
0.tl9Tlt90E-0l 
0.t2*9»lt2E-0l 
0.»l02»tl0«-0l 
0.«9Htl20E-0t 
0.*«ai902tE-01 
0.*662ti2*E-01 
0.*Jltttl»E-01 
0.»)»0l)59t-01 
0.*22>>HtE-01 
a.*OI020TOE-01 
(l,)^)',J?J0t-01 
n.)T9att9«E-oi 

o.)ioim7(.oi 
0.1)t7tnAE-01 
f>.K'i>7Hi;-oi 

■0.}OTOO)07E-OI 
-0.2<2*««l*E-Ol 
-O.27ll0l»0E-0l 
-0.2»)9TtllE-01 
-0.2<i9t»li<lE-0l 
-0,21>)6lO>E-ai 
-0.2.ll)7lt6E-0l 
-a.2otioa9iE-oi 
-0.l92»il2IE-0l 
-0.1'S>ll6Jf-0l 
-0.lt*0|]96E-0l 
•0.1t9IT01«E-Ol 
-0,1 J5H010E-01 
-n.Ki*«>e>E-oi 
-O,10T)UHt-0l 
-0.9)lt2t00E-07 
-0.7900T<.tiE-02 
-0.6«l7»92«E-a2 
-0,S07S7<l2rE-02 
•a.i6tt)t>)E-02 
-0,22it29*lE-02 
-o.ita»7g}6E-o) 
0.ii77920iE-0) 
0.1962UOOE-02 
0.)166S)tlE-O2 
O,*76(909iE-02 
0.6.b99J*7E-02 
0.7it9tll7E-02 
O.I9tllOStE-02 
0,lQ»*$20Te-Ol 
0.U7410C0E-01 
0.Uli5»IJE-0l 
0,1*J»I»»>£-01 
a,l5940t22E-al 
0.l7m09lE-0l 
0,ll720>tOE-01 
0.20101lt7E-01 
0.21*9S059E-0k 
0.2<IICt09E-01 
0.2»2( .712E-01 
0.2»»«747>E-0l 
0.27029)92E-01 
0.2»»09II0E-01 
0.297I9177E-01 
0.>Ut7372E-0l 
o.>:»«*sooi-oi 
0.))920tl*E-0l 
o.jwjseost-oi 
0.Jtt701tlE-0l 
0.)90*>«»*E-0l 
0.)v«t69l2E-01 
0.tC?«9706E-01 
0.42U2210E-01 
0.*3>H6>2E-0l 
0.4«9072>4E-OI 
n.K>2t0O*4E-0l 

*76>)279E-0I 
<>«02»9IIE-01 
»0<.OOI55E-01 
5:7»»177E-0l 
S)l4itl9E-01 
S<>>21>I7E-01 
tSI9)124E-Cl 

0.57262H«f-Ol 
0.58626620E-01 
0.5999077tE-0l 
0.H>»12T»f-0l 
0.»i70192tE-01 
0.»»0»»10JI-0l 
0.»i*i7t2»£-Ol 
0.»70IOI7IE-01 
0.H549051E-01 mmm—wmm 

Column C 
•o.<i0 7,iHM.E-nt 
-d.S<>(.KlS06f-'01 
-0.%lill710<>0C-0l 
-0.4,.lTsl(,lt-0l 
-0,i>H»)UK-Ol 
-0.5JM0t'('ll-Ol 
-O.il*»71»2f-0l 
-O.»O26H)«*E-0l 
•0.*90"7747E-01 
-0.47'I04ISOE-01 
-0.*»72)t9tE-0l 
•O.*Si<i079*E^0l 
-o,»m»«tiE-oi 
•0.4II77202E-01 
-0.*1997tllE-0l 
•C.40I1977H-01 
•0.)9»*42ilE-0t 
-0.)I47|2«4E-0I 
-0.)7)0049)E-01 
•0,14ll2S44E-0t 
•0,|4944719E-0l 
-0.JJSOJIJ6f-0I 
-U.>24»l4IOt-0l 
-0,>l»«220IF-0l 
-0,>0)2*5TiE-Ol 
•0.:91M47)E-Ot 
-0.2«0U>7«t-ni 
-C,26441»».E-01 
-0.2tri02»E-01 
-0.24i402iOE-01 
-C,2J4ll»49E-0l 
•0.22244I20E-01 
•C.2IU79)4E-0l 
-0.l997292»f-0l 
-0,lia2904eE-01 
-0.174I4)10E-01 
-0,l4i447l9E-0l 
-0..i*0*26JE-0l 
•0.t42449IOE-01 
•O.l]1247t7E-0l 
-0.ll9a94UE-0l 
-0.10«5U09E-Ol 
-0.«7ia70bOE-02 
-o.asa49oasF-o2 
-a.74S2208iE-n2 
-0.4120S979e.02 
-O.Jl9007»Jf-02 
-0.<0404t44E-02 
-0.29322902E-02 
•o.iaotoiiaE-02 
-0.47aa422)E-0) 
0.4442)I74E-U) 
0.1}7024|7E-O2 
0.249)2>02E-02 
0.)alS1274E-02 
0.49)«9424E-02 
0.*0»7t04E-02 
0.7l7*44»t£-02 
0.*292l44tE-02 
0.940«g00SE-02 
0.10524)a4E-01 
O.I14)*924E-01 
0.t27t241*E-01 
o.me.'.aTJE-oi 
o.i49742aa:-oi 
0.160444776-0» 
0.17I94047E-01 
o.i*)044oaE-oi 
0.1V4U770E-01 
0.20tl*l41E-0l 
0.2142»14E-C> 
0.22727904E-CI 
0.2)ailS44E-0l 
0.2493)9a2E-01 
0.240J»607E-Ol 
0.271J4419E-0» 
0.2a2)44S4E-01 
0.29I)414}E-01 
0.>04);092E-01 
0.)lSS>40Sf-Ok 
0.)24)t7*7E-0l 
0.>}72979SE-0k 
0.}4*27774E-01 
0.>S929a)*E-0l 
0.)70240*7f-01 
C.jai224»8B-0l 
0.3922H4»E-0l 
0.40)2071)1-01 
0.414I992)E-01 
0.425ia904E-01 
0.4I417244E-01 
0.4471447a(-0l 
0.4SB09904E-01 
0.44902a21E-01 
0.479«2tiil-01 
0.49n7a4>9E-01 
O.JOUIJI:E-OI 
0.tl24S97]E-01 
0.S2>«409)E-01 
0.»)579aiiJ£-0l 
o.iiunooE-oi 

..tt?M 
0.19400 40010l(-01 

Column 0 
-o.'i'tH^n;,jr)f-nL. 
•oiW'ibimi-ni 
• 0.)2t07IO,IE-OI 
-n.j2in772»f-Di 
•0.)l4(iUSS*t-01 
•O.)O7O0l4IE-0l 
-0.10010t9tE-Ol 
-0.2'))22a27E-01 
•0.244)44ttE-0l 
•0.2794t212E-0l 
-o.j»2»»«on-oi 
-0.26i4»HOt-0l 
-0.2907I744E-01 
■0.2tia4707E-0l 
-0.2449a94IE-0l 
•O.2l*lltS0E-0l 
•0.2112>atiE>01 
•0.22441ta4E-01 
•0.217JJ740E-01 
-0.2I0771J4E-01 
-0.20)97272E-01 
•0.|97|atllE-0t 
-0.19040994E-01 
-0.ia)*44)0E-0l 
-0.176«1)»»(-01 
•0.170lt047E-01 
■0.14)4|724E-01 
-0.1>449241E-01 
•0.149976>9E-01 
-0.14l24aME-Ol 
-0.l)4i67)IE-01 
-O.129a74O4E-0t 
•0.12)ia797E-0l 
-o.naiomE-oi 
-0.109aJ4l2E-Ol 
-0.10>17014E-01 
-0.94Sl0a46E-r! 
-0.a9a>a206E-02 
•0.a)21209<IE-02 
-0.74S72t)IE-02 
-0.699)9406E-02 
-O.Ö1I127HE-02 
-O.J46924476-02 
-O.SOa7a427E-02 
-0.4)»7l216E-02 
-o.]4a7oisaE-02 
-o.)027S4)aE-o: 
-0.2)4a79>2E-02 
•0.17105029E-02 
-0.10S29)77E-02 
-0.)9*002«>E-01 
0.260J02JJE-0) 
0.9119a744E-OI 
0.157105UE-02 
0.222S4«OtE-02 
0.2479]10aE-a2 
0.)»)24206E-02 
0.4l*Sll54E-02 
0.4(>7094tE-02 
0.J44I46476-02 
0.41>92240E-02 
a.47*9)7)4E-02 
0.7*l«»llll-02 
o.ao*7a425E-o2 
O.a7>6147tE-02 
O.V»»3»950£-02 
0.100>l02aE-OI 
0.10477472E-01 
o.uwmiE-ci 
0.1194a914E-01 
0.1241)7146-01 
0.1>2t7944E-01 
0.U90UUJ-01 
0.14S44779E-01 
0.15ia7441E-01 
0.1S92962I6-01 
0.14*71)176-01 
0.17|127»IE-01 
0.1775)41)6-01 
0.ia>944l)E-01 
0.190)422)6-01 
0.19474729E-01 
0.20)1422IE-01 
0.2a9i474IE-01 
0.21497404E-01 
0.222)e2)7E-01 
0.22a7«24«E-01 
0.2>4204)2E-0'. 
0.241414)4E-0t 
0.24*02701E-0; 
0.2444340)E-01 
0.2609)4)26-01 
0.2»7224t9E-0l 
0.27)49'<)9E-01 
0.2799444lIE-0l 
0,2a62999tE-01 
0.29260471E-01 
0.29a92494E-01 
0.)O4))299E-01 
O.)1179)99E-01 
0.)1424W)E-0l mmm 

Column E 
"• 
o. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 

"ft : 

50 



Intidt      * M,>f 

Coiumn A 

•*■*• ^-o.miooui-oi       o. 
H«we,,,,'''^o.»»--)»uu-oi       o. 

0.>4J170«Jf-0» 0. 
0.iM»«4*OE-01 0, 
O.laUltlil-OI 0, 
O.I»UI*>I(-0> 0, 
0.>«l»)TT9C-0) 0. 
O.ltl6l«t>l-0) 0. 
e.uu)(i*i-oi       o. 
0.>»l*lk«O(-Cl o, 
O.I»ikU*M-OI 0. 
0.)b)»lTlSE-0} 0. 
0.lk)»)4»iE>OI 0. 
a.uitutot-o) o. 
a.itMiioof-oi       o. 
O.U)6Hl«f-01 A. 
O.lkUlAOJE-OI 0. 
0. JH6»0»CE-0> 0, 
o.i&umu-oi       o, 
l).li»»>?76t-0J 0. 
o.uuwm-oi o. 
a.)titi*i>E-oi o, 
a,UMici«(-o)       o. 
O.KI43I*2C-OI 0. 
o.J4j»>ri»e-o> o. 
o. J<>j6i*tce-c>        o. 
0.>kl61)>»E-01 0, 
D.U)»ltt<c-OI 0. 
O.H161*»OE-OI a. 
O.U)»l*l«E-OI 0. 

Ulil«Tlt-0> 0. 
)»)61T10E-0I 0. 
>4>(><.OIC6-0) 0. 
HJ63H*t-0> 0. 
)(>>6iJi<.t-C> 0. 
>(.>t)S6Cc-ai        o. 

0.)6)6)A74E-0t 0. 
0.tki612l«E-0i 0. 
0.)um2UE-0) 0. 
O.H>(>>?0)t-0> 0. 
O.U»6J»i)C-CJ 0. 
0.>61»Ji*»E-0) 0. 
o.>6»6)*»ie-cj o. 
0.)b>6S*TtC-OI 0.   ' 
O.)k)6]»*tE-0) 0. 
o.Hi6)im-ci o. i 
0.)»>i))>(.E-C) 0. 
O.i6U3!TOE-01 0. 
ü.!«,>6Jb*lt-01 0. 
O.Jol6J<.78t-0» 0. 
0.!6I6H07I-C) 0. 
0.l6j6J8J«.£-0) 0. 
0.j6}61lBiE-OJ 0.   i 
0.)6I6)»1U-0I 0. 
0.>6i»)6l}E-0) 0.   ' 
O.Jo541576t-CJ 0. 
0.>6t6>«27E-0) 0. 
0.)*J63»UE-0) 0. 
0.)6jtJ67«-01 I). 
0.>k>k)2>TF-0) 0. 
o.Joj6}ja»£-o» o. 
0.)(i»1069E-OI 0. 
0.)6l»)«*kE-0) 0. 
0.>b)»miE-0) 0. 
Ü.)6U1*)OE-0> 0. 
o.t»u)Ji;E-oi o. 
0.J6S4JJ71E-0J 0. 
0.>*1»)I)CE-Ci 3, 
O.U)»l*«2E-0) 0. 
0.)*HI»2»E-0) 0. 
0.U)kl2l7E-0i 0. 
o.j6»fcj»m-o> o. 
0.)6M>2I«E-0) 0. 
0.>636in)E-0) 0. 
0.1t3»36«lE-03 0. 
0.)6>«3])tE-Pt 0. 
0.>6)k3k*3E-03 0. 
0.3»3»3*«7E-0) 0. 
0.363SS5I9E-0» 0. 
0.3»S43r01E-03 0. 
0.3kU3«{2E-03 0. 
a.)6)»l*)?E-03 0. 
0.>*l»36»)E-03 0. 
0.363&3M6E-0) 0. 
0.36S»S*T«E-C> 0. 
O.I»>t)*«;E-03 0. 
0.36368*7ie-0> 0. 
O.3»36337«E-0> 0. 
0.}»3*)5J6E-0I 0. 
0.1kltt«3TE-03 0. 
0.1»3»3*»6E-0» 0. 
0.3tM3«*tE-03 1. 
O.I6I»34I«E-03 0. 
0.363»*713E-0) 0. 

363«»»l»e-0J 0. 
1**f«tt«E-03 0. 
}4«2Jia«E-03 0. 
3<7f»16»E-0S 0. 

0. 
"ST 

Column B 
o.T7nn»H.'i - nj _ 

I 

RowbCV 
.»30*»<31E-02 

0.««i61>«»E-02 
-n.H7»»')I»E-0S 
-o.jTiioorte-o» 
-0.8».»09lMf-0J 
-0.363«r092E-al 
•n.}tl»«64Ut-0) 
•0.363t3t32E-03 
•O.St3»3kT(E-ai 
-o.>6)6S7m-oi 
-O.Jl.l»3»l»l-0» 
-o.)6iki»2«r-o} 
•a.i6tti««oE-0) 
-0,363»5»»6E-O> 
-0.JH637HE-O8 
-0.>6)6)«»«E-0t 
-0.36)*3k«OE-03 
-0,)I>)*I>OOE-0) 
-O.S6>631l»f-05 
•0.36UI*O2E-01 
-0.3t3tkOtOE-03 
-0.363»I«t«E>at 
-0,3b363STkE-O) 
-0.36J»32)lt-0» 
-0.36363M3E-03 
-0. J(.)4303«e-Oi 
•0.3t3632*2E-l)3 
-0.JO363754E-01 
-0.36S6S»»0e-01 
-0.36)633766-03 
-0.3l36)»«2E-03 
-0.36363660E-0) 
•0.363k)*>*E-0> 
-a,)636)ITIE-03 
-0.3M637iOE-OS 
-0.3036*0106-03 
-0.363»l6t*E-0i 
-0.363633«4E-01 
-0.36361S6OE-03 
-0.3(.3*)OT4E-03 
-0.I63632I9E-0) 
-O.563632l«.C-0l 
•0.363632OIE-03 
-0.3t363*i3E-03 
-0.5t363i<.6f-08 
-0.36363<.»U-05 
-0,363»l«T*E-03 
-0,3(.363S6lE-03 
-0.56363iJlE-03 
-0,36J63336E-01 
-0.3(.363JT0£-0S 
-0.3636J5<ilE-03 
-0.3(,363*7«E-03 
-0.3t,16S5O7f-03 
-0.3t362«l*E-03 
-0.3t363ieJE-03 
-0.36363S41E-03 
-0.3t5636l3E-03 
-0.3<,3tSi76E-OS 
-0.36363827E-03 
-0.363635116-03 
-0.363636Ti)E-03 
-0.36363»3r6-03 
--'.3636J3i<.E-03 
-tl.365630696-0» 
-0.36363*646-03 
-f.3U»>5»lE-03 
-0.31363*506-03 
-0.3t5683l2£-03 
-0.36365571E-03 
-0.365633306-05 
-O.U3tl«*2E-OI 
•0.363636266-03 
-0.363632176-03 
-9.36 363*156-03 
-0.36)6322*6-03 
-0.3^3635336-03 
-0.3C3636*6E-03 
-0.36363236t-O3 
-0.5636566)6-03 
-0.56)63**76-05 
-0.36363i«96-0> 
-0.563657016-03 
-5.)4365*226-05 
-e.36)616326-03 
-0.36)6)6636-03 
-0.565655766-05 
•0.56)6)6766-05 
-0.)6)6)*«26-0) 
-0.«636)6756-0) 
•0.36)6))T*E-0) 
-0.36)6)5)66-0) 
-0.365655376-03 
•0.56565*566-03 
•0.36365*666-05 
•0.368656«*6-03 
•0.)6)t*Tl8E^01 
•0.863«6*V5E-0) 
•0.366996tiE-03 
•0.)9*l)10*6-08 
-0.8»776865E-03 
0.6)06*9)16^02 
0.T52O19O9E-01 

Column C 
i . ".'.;* »167 HDO^ 
Ü. IOf> >»'>'.01 -02 
0.693067006-03 
O.72li)l053f-03 
0.6I60037*6^03 
0.6II2OII5O7E-O) 
0,6«U2776F-0» 
0.6*:i«l67)f-OB 
0.6«l»l«2a-03 
C.6«l(iM*lE-05 
0.6ll«l5»lE-0) 
O.6»l«20ll6-03 
0.4I1II«5<|C-0) 
0.6MB19OO6-0) 
0.6*llt79*E-0) 
0.6llll96kE-0) 
0.6111119866-0) 
0.611 U'JOf-O) 
O^lllllME-n) 
0.6lll|7*aE^0) 
0.6IU2ir76-03 
0,6il8l9)56-0) 
0.6«181691E-0) 
0,6liai6586^0) 
0.6«l«16066-08 
0.6«lf1179E-08 
0.611018616-03 
0.6im5896-08 
0.6illll6**6-03 
0.6*lall506-08 
0.b»U15l9E-03 
O.Hlel6*2E-03 
o,6aim*96-o3 
0.6IU19S6E-03 
0.681817526-0) 
0.6alai56'<6-0> 
0.6ataia*.6-o8 
0.6»l8l57*E-08 
0.68U15H6E-O3 
o.6aiai)aiE-o) 
0.681815116-0) 
0.68181771E-0) 
0.6«1»1337E-03 
0.681815716-03 
0.68lbUeti£-03 
D.681S155U-08 
a.6aiti$4tE-o) 
D.681817566-03 
D.681816*66-08 
3.681817276-08 
D.6S18l7a*6-0> 
J.6ll8l56«E-0> 
D.6818151*6-0) 
3.681815056-0) 
3.6«l81256f-08 
3.68181*916-03 
).6818171*6-0) 
).6818181*6-0) 
).6eio.799E-03 
).681816796-03 
1.681818086-0) 
).68iel793E-08 
1.681811896-0) 
).681815216-0) 
),681818746-0) 
).bai8162*E-0) 
l,6818l917E-0) 
).681812:66-08 
l.6M«l*12E-03 
1.6818157*6 ^03 
I.t8l8lb27(-a) 
I.68lil6556^0) 
1.681817)56-0) 
i,68iai7a(if^o) 
1.681818906-0) 
1.681815586-0) 
1,681816556-0) 
1,681820406-0) 
1,641*16756-0) 
l.6*|81TT)6-0) 
i,68l«l670E-O5 
.69iei5*if-0) 
.681818076-03 

I.68181685E-08 
1,681816*16-0) 
,681817656-0) 
i,681816656-0) 
.681815106-08 
.6«l»l5<176^03 
.681B15a9E-0) 
.6«l«l58i6-08 
.661817886-03 
.681817*06-0) 
.681816196-08 
.681817256-05 
.681818*66-03 
.681828956-0) 
.682076576-0) 
.685889066-0) 
.72070)806-0) 
.695610)66-0) 
682010996-02 
U»IH6t-88 

Column D 
o.*?'»715a* t -nil 
e.85if,«ttii -ft" 

-0,826960506-O) 
-o.929;7ir)6-n3 
•0.911086056-0) 
-0.9092OO'l7E-0) 
.0.,l09n986*6-f)3 
-0,90908969C^08 
-0,90909073£^01 
-0,90909a85E-a3 
•0.909089IIE-0) 
-0.909091216-0) 
-0.909090526-03 
-0.909090866-0) 
•0.909091106-03 
•0,909090976-0) 
-0.90909022E-08 
-0.90908401E-08 
-a,9Q9091«OE-a) 
•O.<)O9O9O99£-03 
•0.909092901-08 
-0,909090016-08 
-0.909090*76-0) 
-0.909081626-03 
-0.909090066-03 
-0.90908687E-05 
•0.90908566E-08 
-0.909092856-03 
-0.909090**6-0) 
-0.909091266-0) 
-0.909089756-08 
-0.909090806-03 
•0.909090836-03 
-0.90909190E-03 
-0,9n909088E-OS 
-0,909091626-03 
-0.90909i2M-03 
•0.9090S997E^03 
-0.909089986-0) 
-0.909087306-0) 
-0.90908790E-0) 
-0.90908909E-0) 
•0.90908705£^08 
-0.909089886-0) 
•0,909088126-03 
-0.90900'(776-0) 
-0.9090<<ai2E-0) 
-0.909040826-0) 
-0.909090826-0) 
-0.909089016-03 
-0.909090976-0) 
-0.909089906-03 
•0.909001616-08 
-0,9090896*6-0) 
-0,904086716-03 
•0,904087766-03 
-0,4040904)6-03 
-0.909089*26-03 
-0.909089286-0) 
-0.909090*26-0) 
-0.909089)66-08 
-0.909091006-03 
-0.909088186-03 
-0.90908968E-08 
•0.909087i)f-0> 
-0.9090892*6-03 
•0.909089676-05 
-0.909088356-03 
•0.909089166-03 
•0,4040B*22E-a> 
•0.90404019E-08 
-0.909090876-08 
-0.909092556-08 
-0.909089)86-03 
-0.909089696-0) 
•0.909085386-03 
•0,404042046-0) 
•O,4090416:f0) 
•0.909091366-0) 
-0.9O9O842U-0) 
-0.909090*16-0) 
-0.404084126-03 
-0.404041026-01 
-0.404040)16-0) 
-0.909090256-0) 
•0.409091636-03 
-0.909041206-0) 
•0.9040897)6-0) 
•0.909049226-03 
-0.909089136-0) 
-0.904040016-08 
-0.404041406-08 
-0.4040*4486-0) 
-0.404040216-0) 
-0.404040)06-03 
-0.4O4O4O5IE-03 
-0.90909*096-03 
-0.909197206-03 
-0.9110310)6-0) 
-0.424718746-08 
-0.4244)0556-08 
0.4214784*6-02 
0.21*401671-00 

Cohimn C 

'*^').99VI9/» i' *U I ' 
-0.9999'*99'l» -',) 
-0.4999999>i.-(l) 
-0.99999')V'I' -01 
•0.999999'('<l -OJ 
•0.99l9199'#f -03 
-0.499999 rir -0) 
•0.99199999E-03 

, -0,999999996-0) 
-0.99999999E-0) 
•0,999999,»96-0) 
-0.9999)999f-0) 
•0.999999946•O) 
•0.999999996-05 
-0.999999996-0) 
-0.999999996-08 
-0.99999999C-08 
-0.99999999F-0J 
-0.99999999t-0) 
-0.9999«999f-0) 
-n,J1999999t-03 
-0.999999996-03 
-0.999999996-03 
-0.999999946-03 
-0.99999999t-0) 
-0.99999999f-08 
-0.999999996-03 
-0.99999999C-03 
•0.99999999«-0) 
•0.999999996-05 
•0.999499996-03 
•0,449994446•O) 
-0.99999999f-0) 
-0,994999996-03 
•0.999999996-08 
-0.999999996-03 
•0.99999999»-03 
•0.999999996-03 
-0.99499999f-03 
-0.999999996-0) 
-0.99999994C-0) 
-0.999999991-0) 
-0.999999991-03 
-0.999499946-03 
-0.999999996-03 
-0.999999>(9f-03 
-0.999999996-0) 
-0.999999996-03 
-0.999999496-03 
-0.99999944»-03 
-0.99999999E-0) 
-0.»9999(996-0) 
-0.999»9999f-0) 
-0.999999496-0) 
-0.99999999E-0) 
-0.999999946-0) 
•0.949999996-0) 
-0.999994946-03 
-0.494999946-03 
•0.999999996-03 
•0.999944946^03 
•0.949199946^08 
•0.994444446-03 
-0.999444446•OS 
•0.499994446 •O) 
•0.99494,)99t^0» 
•0.999999991-Ji 
-0.999999991-0) 
-0.444444446-0) 
•0.44949444£^03 
•0.999999996-0) 
•0.999999996-0) 
•0.444444446-03 
•0.889444446-03 
-0.999994446-03 
•0.444444496-03 
-0.49999444t-03 
-0.94444494C-03 
-0.4444*4496-03 
•0.999944446•OS 
•0.4494*4446•OS 
•0.«89944496-08 
•0.99999999f-0) 
•0.999944441-03 
-0.999999946-03 
-0.449999996-03 
-0.999944446-03 
•0.999444996-08 
•0.999999996^08 
•0.999999996•OS 
•0.999444496-08 
•U 99999999C-03 
-0.999999996-0) 
•0.449944446-08 
•J.999444496^03 
-0.999999996•OS 
-0,999994446-03 
-0.449944446-08 
-0.944444446-03 
-0.W44441-0S 
-0.444444f4E-0) ~r  

51 



. 

intito 9 ««•»* 

itc—* RnTrntsPn    I 
ColuimA Cotufji a Cotunm C Cttiu.nn 0 

Hwt«-^ 

a... kr^^-O.ltlOIMll-OO 
"•""      -•O.l«l«l»l*l-00 

•e.«»rii>oai-oo 
•0.»»»I«"« 60 
•0.»l»l»C*»l  00 
•e.iiir*4Mi oo 
-o.«4»i;»}oi oo 
-0.lll5tl«0C Ok 
-o.iMirt«o( oi 
-O.I>»4T]«»l 01 
•O.Ut*tl»ll 01 
•O.UOllMTt 01 
-0.1TI%I>?1« 01 
-O.KJtiTMl 01 
-0.1»>l»»»ll 01 
-O.IOIkTOlM 01 
-e.iumioi oi 
-0.11>l»l*<l 01 
•0<JiM*<l«l 01 
-0.2*]tlU«( 01 
-o.jJioroJ»! oi 
-0.1>4*l«tTI 01 
-0.1»TI»0*H  01 
•o.mrtmt ot 
•O.ilHUlK 01 
•0.2«8Tlt«*l 01 
•O.I«T)*llll 01 
-0.»0*»**50l 01 
•o.itoiom oi 
•o.iuttoioi 01 
•o.>«iri*o>i oi 
•O.WII«I«»I ct 
•o.niiktToi o; 
•0.»U)*OTI 01 
•o.>*ir«T**E oi 
•o.i^rjfTiii at 
-o.mo.»:i oi 
-0.lt**4*IO(  ci 
•o.moimt oi 
•o.uiasoTot oi 
•O.Ult01)*( 01 
-0.U4IM4TE  01 
•o.M«ir«*ii oi 
-o.t'OMS**e oi 
•o.irir«««4f ci 
•O.itiitWt oi 
•o.j/m»Mi oi 
-0.JU5441IF   01 
-o.i>4<irri2f ot 
•O.I>4«OTT«( 01 
-0.ir441«)4E 01 
-o.>un»m oi 
-O.ITI2014t( 01 
-O.IT20l*tO( 01 
•<1.1»0»4»40C 01 
-O.:4M042:E OI 
-0.»4»T*14H CI 
•O.M4t.nl«E 01 
•O.I41T]IOIf 01 
•o.>i*r4U)( oi 
-O.Di^.tllC 01 
•o.i»i<M>tr«i oi 
-Ot>4«li««T|  01 
-o.>»'/*moi oi 
-a.}l««l«l4e 01 
•0. »4104111 01 
•0.»i«»T4»TI 01 
•O.U44tl4li 01 
•O.llMIHlt 01 
•0.Ill«I«141   01 
-0.104Tlim 01 
•0.10010««»! 01 
-O.IVMtMIl c; 
-0.M4II1T4I CI 
•o.iroit«!» oi 
•e.iri2»i*ii oi 
•«.I4H42IU 01 
•O.itMIOOlI 01 
•O.I4»4r4l{| oi 
-0.t)T4iilU 01 
•0.}<l4«4t0l   01 
•O.2;«OICI«( oi 
-0.29«iJ)4}| 01 
•O.I««tOISTf 01 
-0.l*M«0T0f   01 
•o.ir*ii4r4f oi 
-0.14*441421 01 
-0.1>42»I11I C. 
•0.144(01141 Oi 
-O.UMtOIK o; 
•e.l20«»«4iE 01 
-0.I0M«*41I  01 
-e.«t«44isof oo 
•0.•10001441  CO 
-0.4«H('41E 00 
•0.t424«424E  09 
•0.424441111-00 Ro»e- 
-•.24MI)«OI-oa 

!r~*—* -o.uitmof-oo 
Nwa- 0.2T4O4I22I-0I 

I14«>IIU-01 
«.142221141-00 

■S.2«2lil2ll-00 
-0.4IT420»4E-Oa 
•4.ir42«>«4C oo 
•0.T1I04214(  00 
-o.imi4TO( oo 
•«.««4I214U 00 
-0.1111411IC 01 
•0.1241421*1 01 
•0.1I444IT4I  01 
•0.14I44«««( 01 
•O.UOWOilE  01 
-o.m*»4«it oi 
-o.i4:»i«"i oi 
-0.1«>244'f| 01 
•0.101441441 01 
•1.2I1T4401I 'A 
•0.121114411 01 
-0.2110I40U 01 
•0.24220241C 01 
-0.211041141 01 
•0.21*411111 01 
•0.24'illl4T( 01 
-0.2T1T«1>0I 01 
-4.2*140TTli 01 
-O.I«OT2412I 01 
-O.JltllUlt 01 
-l).le44ll4<E 01 
•0.110*11141 01 
-0.114«212«E 01 
-0.12270WOE 01 
-0.12illl41E 01 
•1.111114*«E 01 
•O.U*22121E 01 
•0.142T««04E 01 
-0.I4TO4I14E 01 
-0.1il004IOE 01 
-0.114411471 01 
-•.llt0044TE 01 
•O.I4I04«*«E 01 
•0.141T4212E 01 
•0.1442i244E 01 
-0.14*ir040t 01 
-0.1T020442E 01 
-0.ITI74101E 01 
-0.1T2«T4t2E 01 
•0.1T1«0414E 01 
•0.1T411U4t 01 
-0.1T4144I0E 01 
-0.lf4(«***E 01 
-O.IU42*m 01 
-0.1T4040«4E 01 
-9.1711*2*11 01 
-0.1T2C2141E 01 
-I.ITOIUME 01 
-9.14*m40E 01 
-0.144T1204E 01 
-0.1441T217E 01 
-0.141T142>E 01 
•n.ll«Tl«*li 01 
-0.1111042*1 01 
-l).lll«14*lt 01 
-0.14*111112 01 
-o.umvotE oi 
-C/.11*111041 01 
-0.1141*1111   01 
-«.12*T4*11( 01 
-1.124441*2( 01 
0.11**2440E 01 

-0.112*10111 01 
-O.I04r024«E 01 
-0.100200111 01 
-0.2*1401*41 01 
-0.2*4111*12 01 
-0.2T**101)E 01 
-9.2TI211*)E 01 
-0.24I2040IE 01 
-0.211O212U 01 
•0.2*4441111 01 
•o.2iT4iroiE oi 
•0.22*4rir2E 01 
•0.21*041422 01 
-0.2C41I44TE 01 
•0.1««2*4*IE 01 
-0.1****1*41 01 
-o. i'•moot oi 
-0.14T4T440E 01 
-«.I142*44M 01 
-0.1441**412 01 
-0.1110211*2 01 
-0.120*10*4C 01 
-0.10*1**4*1  01 
-o.*i*iiim oo 
-0.(2**20441 00 
-0.4*11**241 00 
-0.1*2401411 00 
-0.424111442-00 
-0.2*1141441-00 
-0.1114*1111-00 
0.141101412-01 

TF:  

07tülll}44E-01 
-o.i»iomu-oo 
-0.2<i24(ll'>C-00 
-0.411111P0F-00 
-0.11*1(2111 00 
-0.11*llfl*4( 00 
•0.•1114*441 O'l 
-0.««421410E 00 
-0.111*11*01   01 
-o.uumot oi 
-0.114412**1 01 
-0.1**41*411   01 
-r,.uoi2*l'E oi 
-0.1114*1111 01 
-0.1*2121101 01 
•0.1V12111IE 01 
-o.iuMiom oi 
•0.211112(01 01 
•0.2211*1421 01 
•0.21}042(«i 01 
-0.2*22114*1 01 
-0.211010141 01 
-0.21*41**11 01 
•0.241(40*41 01 
•0.2111*2101 01 
-0.2iI*l412I 01 
•0.2*0112*41 01 
-0.2*1142111 91 
-0.1U****10E 01 
-o.iia(*oi(E oi 
-O.I;4*IOIOE oi 
-0.12211*022 01 
-0.12(1*2*11 01 
-0.111141791 01 
•0.11*21*071 01 
•0.1*27*1*41 01 
-0.1*7017171 01 
-0.!'.1012*2E 01 
-9.11*44*(0E 01 
-O.H*01124E 01 
-C.IMOKIOE CI 
-q.l41(011*E 01 
-0.1K424147E 01 
-0.1blll7**lE 01 
-9.170211**E 01 
-0.1'114*I4E CI 
-0.172«(2'<1E 01 
-0.17)«144(E 01 
-0.1741*4271 01 
-0.174(77121 01 
-0.lr4*0774E 01 
-0.1>*41«S(E 01 
-0.17*04411E 01 
-0.I7120141E 01 
-a.}72Ol*i0E 01 
•0.1I9I4*49E 01 
-0.14«*0422i. 01 
-«.14474I44E 01 
-0.1441*11*1 91 
-0.ICI1210*! 01 
-n.mi414IE 01 
-O.llllllllE 01 
-0.).1*45741 01 
-O.I*(ll*«7E 01 
-0.141*17*0E 01 
"0.11*il«*4E 01 
-0.114*04121 01 
-0.12*774*1E 01 
-0.124412411  01 
-a.110(11411 oi 
-0.112*1*141 01 
-0.IU4111111 01 
-C.10020**11 01 
•0.241*124*1 01 
-0.2*4122141 01 
-0.21**1*111 01 
-0.211242411 01 
-0.2kl2*2*2E 01 
-0.2S10100IE 01 
-0.2*4*74122 01 
-0.2J742M1E 01 
-0.22*4*4102 01 
-0.21*0101*2 01 
-n.204]21*IE 01 
-0.144101172 01 
-O.I*«*07CE 01 
-0.17*1**1*1 01 
•0.1414*1422 91 
-9.1)42*11*E 91 
•0.1*4(0(141 01 
-0.I110I011E 01 
-0.120*1*4*1 01 
-0.10(1*7411 01 
-0.45«44l*OE 00 
-0.«1000*441 00 
-0.4*14(1411 00 
-0.1424*4241 00 
-0.424441*11-00 
-0.2*1111*01-00 
•0.11*11*101-00 
0.2140*1221-01 

T  

n.,i,i;*l2n{-n| 
-n.i<.s;iujot-oo 
-O.2*2«47«.7f-O0 
-0.4111401*1-00 
-R.17441})1E 00 
•O.71**00>*l 00 
-l.*l*nl4**F 00 
-0.**4**174E 00 
-0.11111041t 01 
•0.12*14711F. 01 
-0.114444141 01 
•0.1***11101 01 
-C.14U11447E 01 
-O.I71il24iE 01 
•0.1(211**21 01 
•0.1412(2*11 01 
•0.20144712E 01 
•0.2117447*1 01 
•0.22114017E 01 
-0.211044101 01 
•0.2*2211441 01 
•0.111047111 01 
•0.21444444E 01 
•0.247M741E 91 
•C.271(14*41 91 
-0.211**1112 01 
-0.24071441B 91 
-0.247744UE 01 
-0.10«*71*4C 91 
-0.]14447ltE 91 
-0.1I4')1704E 91 
-0.1227*iaiE 01 
-0.12*214*11 01 
-O.llJllMOE 01 
-O.I1II24I07E 01 
•0.14JI2411E 01 
-0.1*70**I7E 91 
-0.11)01442' 01 
-0.11*441101 01 
-0.I1«9*01CE 01 
-O.I4IP1S71E 91 
-0.I4>*2I1*E 91 
-0.14624IWE 01 
-O.I4)*94*IE 01 
-0.1702*2**1: CI 
-0.1717ri.lSE 01 
-O.J»10044*f 01 
-0.17l4*l4fE 01 
-0.17*;7I2«E 01 
-0.17*4a<.UC 01 
-O.I7*4)*r4C 01 
-0.17*441161 01 
-0.17*0'>477E 01 
-0.17122I4SE 01 
-0.172041191 01 
-O.I70Vm4E 01 
-0.14(1)11221 01 
-0.146741441 01 
-0.144*0*I4E 01 
-0.14irS004E 01 
-0.:i(74441E 01 
-0.11114211E 01 
-0.111442741 01 
-0.1*11*4411 01 
-O.I4*00*(4E 01 
-0.11*144*41 01 
•0.114(11121 01 
•0.12**01*71 01 
•0.124*7*412 01 
-O.11H4040E 01 
•0.112**41*1 01 
-0.10671*101 01 
-0.}0a2114SE 01 
-C.2*1*1*411 01 
-0.2*41**7*E 01 
•0.21*4441<E 01 
-0.2712144:2 01 
-0.241114(02 01 
-0.2Si01444E 01 
-0.24410124E 01 
-0.2I71127(E 01 
-0.221111*41 01 
-0.214077111 01 
-0.204110172 01 
-0.144I1011E  01 
-o.i(4nir42c oi 
-0.17(*U4SE 01 
•0.14711211E 01 
-0.11412910E 01 
-0.144(1104E 01 
-0.111017011 01 
-0.1204(4141 01 
-0.10(42*112 01 
-0.414111011 00 
•0.*1027*2*E 00 
-0.4*7*17712 00 
-0.14214*401 00 
-0.*2*72i412-00 
-0.2(1*22111-00 
-0.1*04441(1-00 
0.111404412-01 

-v.  

-0.121/1'''".f-ll 
-u.i* i<*,'t'.r-. J 

-n.i45*(.«*u-(i0 
-O.*)lll**l*t-00 
-0.0*010^*2C 09 
-0.71(4^2111 00 
-0.*1**4404E 09 
-0.44I,4I7IIC 00 
•0.11142141E 01 
-0.11424241E 91 
•9.II414441E 01 
•0.14(110141 01 
•O.U020114( 01 
•0.111117702 01 
•9.1(21**111 01 
•0.141121141 01 
•0.2017*2**2 01 
•0.2ll«*4(7e 01 
-0.221411**1 01 
•0.21111**41 91 
•0.2421*1*11 01 
-0.2111*24*2 91 
-0.21***2112 01 
•0.241*12*11 01 
•0.271«444l{ 01 
-0.1*14(14(( 01 
-0.1*0*91102 01 
•0.247*14191 01 
•0.104114471 01 
•0.110*12141 01 
•0.11700227E 01 
•0.1127*4201 01 
•0.11*!4441E 01 
-a.lll*17**E 01 
-0.11*10421E 01 
-9.1*2*70012 01 
-0.1*712*112 01 
-0.1110*1102 01 
-0.11*714**1 01 
-0.11*0(*4(( 01 
-0.141110**! 01 
-0.141*11121 01 
-0.146111411 01 
-0.14*4111*1 01 
-0.1702*7421 01 
-0.171(220*1 01 
-9.171911121 91 
'9.1714(7141 91 
-0.11441144C 91 
-9.17*4*4191 91 
-9.17*47447( 91 
-0.174719771 01 
-0.17*1*1416 Ct 
-9.171211(11 11 
-9.1721944(1 91 
-0.1706*0771 01 
-0.14(('4*OE 01 
-9.146(11**1 91 
-9.14**11171 91 
-9.141741271 91 
-0.m*14*IE 01 
-9.1111*71*1 91 
-9.111017*72 01 
-0.14(142111 01 
-0.144010011 01 
-0.1144110*1 01 
-0.11411(101 01 
-0.l:**4*llf 91 
-9.11*11**11 91 
-9.11**911*1 91 
-9.111**1711 91 
-9.1041*14*1 01 
-0.1001(1112 01 
-0.1*14*4*11 01 
-0.1*41*4411 01 
-0.17*011101 01 
-0.17111*741 01 
-0.2*116*476 01 
-0.111102141 01 
•0.2*41*44(2 01 
•0.217447421 01 
•0.22*114491 91 
-9.21*122471 91 
-9.29*141**1 01 
-0.1*4171422 01 
-0.1(4042721 01 
-0.11*4i474e 01 
-0.147111421 01 
•0.1141411*1 01 
•0.144((0t2E 01 
-0.111102101 01 
-0.1210114*1 01 
-0.10*4*4471 01 
-9.440161116 90 
-0.(1071**41 00 
-0.4**40*111 00 
-0.1*1214*41 00 
-0.4111 77011-00 
•0.1*44**411-00 
-0.141410041-00 
-0.111211071-01 -r.  

JLM- 

Colui..nE 

•0.1*4i'2*'.i -',0 
-0.?1»0»''5?i -UO 
-0.*l**6lUl-00 
-0.1407111711 ,0 
• 0.714M6I4C 00 
•0.il>10'l4**l 00 
-O.»i7>'02U 00 
•0.1114l>422r 01 
-0.124104m 01 
-0.114401111   01 
•o.tMiime oi 
•0.119144(1* 01 
•0.I7142041C 91 
•0.1(14417*6 91 
•0.111110*11 01 
•0.101(91716 91 
•0.11140117t 91 
-0.221*41(16 01 
•0.211171246 01 
•0.242141146 01 
•0.11110402t 01 
•0.114711441 01 
•0.1*7**1*41 01 
•0.111*1(016 01 
•0.1*11110*1 01 
•0.240*4**16 01 
•0.1*7(77441 01 
•0.104110016 01 
-0.110*71*21 01 
•0.117041*46 01 
•0.111(44141 01 
•0.11(117**6  01 
-o.imnuK oi 
-0.11*14*421 01 
-0.1*2*11*0C 91 
-0.1*7142426 91 
-0.1111***46 1)1 
-0.J5« «001*6 91 
-0.11III4«(46 01 
-0.14114*216 01 
-0.141414(46 01 
-0.144)77026 01 
•0.14(114446 Oi 
-0.17011044c 01 
-O..I7l((14C,<   01 
-o.miKMt ot 
-0.17*010126 01 
-0.11*4(1(26 01 
-0.171012446 01 
-0.171041142 01 
-0.J7*77*l*i 01 
-0.17*2011ir 01 
-0.171117141 01 
-0.1721700*6 01 
-0.17070*1*1 01 
-0.14(41474» 01 
-0.144(77206 01 
-0.1441147)6 01 
-0.14111(411 01 
-0.11(4011(6 01 
-0.111410446 91 
-0.112101111 01 
-0.1*1211116 01 
-O.I**i;i*46  91 
-0.114475*0«: 91 
-0.)1*4*147C 01 
-0.I244111I: 01 
-0.12411(1(6 01 
-0.11(44(416 01 
-0.1110110(1 01 
-0.1041*4*16 01 
-0.1001****6 01 
-0.2411*4216 01 
-0.214*11216 91 
-0.27407*(ir 01 
-0.17114(1)6 01 
-0.141*1(111 01 
-0.111141501 01 
-0.1*44047(6 01 
-0.111741211 01 
-0.12(414416 01 
-0.2141(17*6 01 
-0.204411(06 01 
-0.14441(426 01 
-0.1(4114011 01 
-0.17(110016 01 
-0.141410(41 01 
-0.11441(446 01 
-0.14*441)46 01 
-0.1)1145171 Ot 
-0.12104*4*6 01 
-0.10*711141 01 
-0.440745*46 00 
-O.OlKllli 00 
-0.4**0*1446 00 
-0.141**0)16 00 
-0.411*01111-00 
-o.i«ioii«ii-oo 
-0.144(411)6-00 
0.  

~-r.  OMU r 
«W •  e.(4«lT2i-M     «UU •   0.(111*11 00     (M •  0.114**76-07     HWt  •   0.407*141  00     M   •  0.7*45*(t-91     «»»   •  0.«*ill*i  00 

52 



T 

m. .1  mmi:;* •.. . . 

APPENDIX C 

APPROXIMATION FOR A COMPRESSIBLE ELASTOMER 

Consider a thin disk of rubber bonded between two rigid plates, the 
rubber being assumed as compressible. 

The dimensions of the bearing are denoted by 

rj     -    inner radius 

2h 

-   outer radius 

thickness. 

Owing to the difficulties encountered in solving the equations of equilib- 
rium,  an approximate solution through variational methods will be 
derived.    In this case, the theorem of minimum potential energy is used. 
A displacement field,  u, w,  satisfying the displacement boundary con- 
dition,  is assumed and put into the potential energy: 

u = * X OIJ eij dv . (C-l) 

The theorem of minimum potential energy states that 

6U = 0. (C-2) 

Thus, by taking the first variation of the expression U, two differential 
equations and the associated natural boundary conditions are obtained. 
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Assuming that 

u = f(r)(l--ar ), 

w = ^z + g(r) z (1-^) 

(C-3) 

(C-4) 

|=f(r)(l.^) 

|!=g'(r)z(l-4 
n 

Ü - ^ (1 - ^ a       r 

Let 
A=|2i + u+|H# 

or     r     Qz (C-5) 

Then 

aiJ eiJ = W = XA   + ^ Cerer + eeee + ezez + 2erzerz] 

where 

and 

(C-6) 

A = (f'(r) + f)(l - 4 + ^ + g(r)(l " 3 4' 
* h h 

42 = [f,(r) + £/ (x . ^)2 +Wo!   + g2(r)(l _ 3 zfj2 

h h h 

+ 2Cf'(r)+f] (i-^)(^)+2f g(r)(l 3^) 

+ 2Cf(r)+£lg(r) (1--^) (1 
h^ 3^ 
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The following are expanded for substitution into equation (C-l): 

€r€r-Cf'(r)]2(l-4 
h 

f2 v2  2 

e p   = ^- (1 - ■a-) 
r n 

n n 

.2    2 
«r2era-iC.^f(r)+g»(r)8(l.^)] 

n n 

= «4 4 ^(r) + g'2(r) z2(l - ■^)2 - 4 4 f(r) g'^Kl- 4)2:1 

h h h h 

I   (1 - ^)    dz =        [1 - 2 ^ + Srüdz 
J-h        hz J-h h^     li 

2Ch - |h + ^h] = i| h 

i: (1 - 3 25)dz = U - 4)th - 0 

f 11 - i** 'ii - 3 ^-1» 
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- . 

J -h 

«2 2      r 
3%)   di-      (1 

li J-h 

.2 / 

B B . 2 al + S i!^ 
h       5 IT -h 

= 2(h - 2h + |) = | h 

1 (i - ^Ki 
-h        h^ 

3 4hz 
■/. 

2 4 
(1 - 4 *2 + 3 \)da 

-h h h^ 

= 2(h - ^ h + | h) = fj h 

/.h^-^-fh3 

2 2 4       6 

(3^     5h2 + 7h4>.h 

2(ii: . 2 h3 + 1 ^x = IL h3 
213      5 7     '     105 

£ z !(i- 4 
■^ ^ -h 

2(ih3.ih3)=^h3 
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JA2 dz - i| h[f'(r) + f]2 + 2 ^ + I h g2(r) + | h(^)[f'(r) + *] 

+ ^h [f(r)+^g(r) 

J 
r 
erer dz -ü-« [f'W]2 

/cee9 -=if h f2/r2 

/•. sS d» = .h^)2 + | h g2(r) 

/erzera 
d8 " *[| fa(r> + 105 ^ *'Z{r) " 15 h f(r) g,(r)] 

Equation (C-l) is equivalent to 

JwdV = [\ä2 + 2G (erer + ee€e + Czez + 2erz€rz))dV 

= JC\A2 + 2G(erer + c^Q + ezez + 2erz€rz))rdrdedz 

= *j\ C^f h [f'(r) + f^ + 2 ^ + f h g2(r) + f h(^)Cf »<r) + f] 

+ i|h [f'(r) +f]g(r)3 rdr 

+ 2n faG {i| h [f'2(r) + ^1 + 2h C^) + f h g2(r) 

+ 3h f2(r) + 105 h3g,2(r) " ]§ h f(r) ß,(r)}rdr; <C-7) 

but 

ftfwdV = 0 (C-8) 
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and 

jX{ff h [f'(r) + f] [6 f'(r) + ^] + ^ h g(r) 6 g(r) 

+ f h(f) [6f'(r) + f ] + ff h [6f'(r) + ^]g(r) 

+ jf h Cf'(r)+f] 6g(r))rdr 

+/2G C^| hCf'(r) 6f'(r) + -^ 6f] + ^-h g(r) 6g(r) 

+ |jf(r) 6f(r)+^h3 g'(r) 6g'<r) - ^ h f(r)6g»(r) 

- ^ h g»(r) 6f(r)) rdr = 0. (C-8a) 

Expanding, 

j\ [& h [f «(r) + f] + f h (^ + ^f h g(r)3 6f'(r)rdr 

+/x {ff hCf'(r) + f](i) + f h(f )i + ff h ^}6r(r)rdr 

+^20^ h ^ + ^ f(r) - 3I h g«(r)3 6f(r) rdr 

+|2G{lC5 h3 g'(r) - 3I h f(r)} 6g'(r)rdr 

+|\ {^ h g(r) + i| h [f'(r) + *]) 6g(r)rdr 

+J2G{^ h g(r)} 6g(r)dr = 0. (C-8b) 
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From the first line of equation (C-8b), 

J\ {22 h [f>(r) + ^ + f h (^) + if h g(r)} 6f •(r)rdr 

-/xr{f2 „Cf .(r) + Xkl] + | „(A) + i| h g(r)36f(r)]| 

" ^/r1« h[t;[rf,(r)] + f'(••)] + f h(f) + i| h |;&8(r)])M<r)rdr 

= XrCff h[f'(r) tfM] + fi- (fc) + i| h g(r)] jf(r)£o 

■ri 

.15 ■.!.- v*, •   r   J ■ 3h ^ h' 
T !; 

1 

- x/l^f h [f"(r) + f f (r)] + | h(S|) i + i| h [g'(r) 

+ £kl 
r    ])6f(r)rdr. 

From the second line of equation (C-8b), 

= »r[ff h f(r)) 6f(r)]'° - *J% h ^ fe [r f •(r)]6f (r)dr 

•{22 h f.(r)) «fCr)^ - * (ff h)/[f"(r) + £lM]6f(r)rdr. 
- Xrh5 

From the fifth line of equation (C-8b), 

/»{^ h3 g'(r) - -^ h f(r)} 6 g'(r) rdr 

- 2Gr[^ h3 g'(r) - ^ h   f(r)} 6g(r)^0 

- &Jl I; l^ h3 rg'(r) - fj h   f(r)) 6g(r)rd 
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Grouping terms in equation (C-8b), we have the differential equations for 
f and g: 

X{^ h [f" + 7f» - %] + if hg'3 + 2G{g [f" + f1 - ^1 

l^fjhgM-o 
{C-9a) 

X (Jf h g + i| h [f +if]] + 2G [^ hg - ^ h3 [g" + i g'] 
105 

+ ^ h rr» +^]} =o. 
(C-9b) 

After rearrangement, the equations become 

Ir.I9I o nor, I  T 2 
2h 

2 X+2G \+2G g' =0 (C-lOa) 

g"+lg, .2L^Sg.JL^[f, +if]   =o 
2h" 2h 2   G 

(C-lOb) 

The appropriate boundary conditions are 

f' + t^ k + f (S2)) - 0 X+2G lr 

| h2 g' - f = 0 

at r = r. and r0. 

(C-lla) 

(C-llb) 

For the sake of convenience, these equations are nondimensionalized 
with respect to h. 

Defining *-i 
r 

riah 

i = g<f). 
(C-12) 
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the set of equations becomes 

1        -1       -2 1      4 1-v    I " 1-v g        u (C-13a) 

(C-13b) 5" + ^ «' - ^2?^ « - i ife (?, + - f) " 0' r ""  '""" r 

and at r0 and tj, 

?f+Ä{f+ *i + !^=0 (c-14a) 

Is1 -? = o. (C-14b) 

where prime denotes d/dr, v - Poisson's ratio and the following re- 
lation is used: 

\=^32-- (C-15) 
l-2v 

In the following, the bar will be dropped from quantities b,q, etc. , with 
the understanding that they are nondimensional. 

Define 

*     4 1-v 

c l-2v 

d"2lfe- (C-16) 

The differential equations can be written as 

f n + 1 f i   . 1- f - ftf + bgf - 0 
r- 21""      08       V (ClTa) 

r 

gii + 1 gi - Cg - d(f' + jjf) -0. (C-17b) 
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Consider 

f = A ^(kr) 

T, T  /,    \ (C-18) g = B I (kr). x ' o 

Where I's are modified Bessel functions of the first kind, 

Y =k Io(kr) - J^Ckr) 

I1" = k2 ^(kr) + ^ V^r) * r Io(kr) 

I0
f -k I^kr) 

I " = k2 I (kr) -^1/kr). (C-19) o o r   J. 

Substituting into equations {C-17a) and (C-17b), 

or 

[(k2 - a)A + kbB] ^ = 0 (C-20a) 

[(k2 - c)B - kdA] Io = 0 (c_20b) 

k4 - (a + c - bd)k2 + ac = 0. (C-21) 

It is noted that this equation is the same as equation (C-24); hence,  the 
same V.\, V.^ will satisfy this equation and 

dk. 
F = -     2     E   . (c.22) 

i ~c 

Now the general solution of equation (C-17) can be written as 

f = A L^r) + B I^r) + E ^(^r) + F K^k,!-) ^.23) 

dk, dk0 dk, 

« = -2^ A lo^ + Tä2- B hW ' E "2     Ko(klr) 
k
l -c k2 -c kl -C 

^ F K (k.r). (C-24) 

k2
2-c        *^ 

62 



a . " ••   • 

The derivatives are 

f = ACk^C^r) - J ^(^r)] + BCk2Io(k2r) - J ^(^r)] - E^K^^r) 

+ r Kl (klr) ^ " F ^A (k2r) + r Kl (k2r) :I (C"2 5) 

dk dk_2 dk,2 

«' = -2     A ^^l^ + ^ B W* + ^ E Kl(klr) 
k,  -c k.-c k^-c 

dk.2 (C-26) 
+ -f- F K, (k_r). 

k2.c 2 

Thus, 

(k2 - a)A + kbB = 0 

-kdA + (k2 - c)B = 0 . (C-27) 

In order to have a solution,  it is required that 

k2-a bk 

-dk k -c 
2      I " 0 (C-28) 

or 

k4 - (a + c - bd)k2 + ac = 0 (c-29) 

k2 = iC(a + c - bd) ± V(a + c - bd)2 - 4ac] 

k = + Ci(a + c - bd) ± jV(a + c - bd)2 - 4ac)* . (c-30) 
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Since Ip(kr) = -IpC-kr), it is noted that there are only two independent 
solutions corresponding to 

^ = {J(a + c - bd) + J V(a + c - bd)^ - 4ac}^ (C-31a) 

and 

k2 = {J(a + c - bd) - iV(a + c - bd)2 - 4ac)i . (C-31b) 

In both cases, 

B = 
k.d 
i 

k. -c 
A. (C-32) 

Consider next 

f = E ^(kr) 

g = F Ko(kr). 

Where K's are modified Bessel functions of the second kind, 

ly - -k Ko(kr) - J K^kr) 

Kj - k2 ^(kr) + ^ Ki(kr) + r Ko(kr) 

K^ = -k ^(kr) 

K"-k2K (kr) H-^K^kr). o o r   1 

(C-33) 

(C-34) 

Substituting into equations (C-17), 

C(k2 - a)E - bkF] ^ = 0 

[(k2 - c)F + dkE] K   = 0 . 
(C-35) 
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Thus, 

(lc    - a)E - bkF = 0 

dkE + (k2 - c)F = 0. (C-36) 

In order for this set to have a solution, 

(k -a) -bk 
= 0 

dli (k2-c) 

(C-37) 

Substituting into equations (C-ll), 

k^-c 

+ F K^r.)] = 0 

dk. 

k2-c 
1)[B I.C^r.) 

dk. dk. 
(f -^ - 1)[A I^k^) + E K^k^)] + (f -f- - 1)[B ^(k^) 

V0 " 2"° 
+ FK1(k2ro)]=0 

and 

ACk^r.) - i- I.Ck.r.) + f- (J- I^k.r.) + J -^ I^k^)] 
k^j-c 

dk 

i 1 K-—c 

1 1 *! 

k^.-c 

dk. 
F[k2Ko(k2ri)+ i K^k^.)- £(i Mk^-J Y- ^^a'i» 

i i k2-c 
w. 

4 1-u h 
(C-38) 
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k^-c 

1 i dko 

k2-c 

dkn 

- ^Vo^Vo^ + 7- h^lrJ - Ä ^ ^(k^) - J -f- Ko(hron 
k-.-c 

dk. 
F[k2K0(1C2ro) + ^ ^(k^) - ^ (i- K1(k2ro) - J -^ Ko(k2ro)] 

o o kp-c 

For very large values of kr,  the modified Bessel functions have the 
asymptotic behavior 

kr 

K N/2nkr 
(kr-») (C-40) 

-kr 
Ip(kr)~     e 

/^ 

Using this and a set of new constants defined by 

A-e"1'0   —i—A       B-e"2'0   —i— B 

"klri        1 "k2ri        1 
E» - e   ^ 1 • E F' = e    ^ x - FT 

(C-41) 
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the four boundary conditions are written as 

dk. 

^ k^-c 

frZ   kn(r,-rj 
e 

1 

dk. 
A'  (I ^ - 1)J% e~^*' + B.(§ ^ - 1) /^   e"2^ ** 7 4-c v -, 

^     k0(r4-rj 
r. 

1)+F' (f-^- -1) =0 (C-42a) 

2^1 At    ß —i- P ^2 1) + B'   (f -f" 
7 k

2-C 

2  ^1 

' k^-c 

ß .-ilV'i' 

' k2-c        v    o 

(C-42b) 

dk,        F"    k (r.-r ) 
LK1     r.      1-u vr4      

2 ,.2 _/Jv/ r. kj-c   v "I 
[k    -i-+-i2- 

kd. ^^^^^-K^^.-t 
^-c 

dkj^ 

k^-c 
)] 

i        u  ,i    i ^2_n = -^ c-12-)^ 
k2-C 

(C-42c) 
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, 

dk. dk. 

o o k^-c o o k^-c 

dk. 

1     rÄ     1-u   r       2 .2      J r o k,-c   v   "o 

r.      -k, (r -r.) 
e   !   0   1   -F- [k. 

For large values of rQ-r^,  A1, B' in equations {C-42a and c) and E',  F' 
in equations (C-42b and d) can be disregarded. 

Hence, 

dk 
-1 

F»; 

g    ^ 
7   ^2 kn-C 

- 1 

, n        dk, IT dk0 

21 Cki+ 7" -1^ (^ - 2 ^ + F,[k2+ ^ - Ä (^ - 4 "f )] 

4 Kl-vJ h 
(C-43) 

and 

A'  = - 

dk£ 
g   ,2 
7   K2"C 

- 1 

2 ^L 
B', 

7   i,2 
- 1 

i T dk, , , dk0 

k,-c i 2 k2-C 

w. 

U U-vy h 
(C-44) 
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In terms of A's,  the general solution can be written as 

-k (r-r ) 
+ F'/7-e   2 ■y? 

k£-c r k^-c 

...^/s^^-^-T?"2^-   ,c■45, 
1.2 . ^ r k_-c k£-c      ' k2-c 

When r    - r« is large, the solution can be further simplified: 

(1)   Region near r   , 

/T   k^r-r ) /FT   k0 
= A. y-o e i    o + Bly_o e 2 (r-rj 

0' 

^^^y^.s,^^-   ,c■46, 

q-c k2-c 

(2)   Region near r^, 

/7~  -k (r-r ) frT   -k (r-r ) 

g 
dk       /r7   -Mr-r.) dk_     /FT   -k9(r-r.)        (C-47) 
, 2     v r   - ~ 4    . 2     v  r 

(3)   Away from ends, 

f = 0 

g = 0 . 
(C-48) 

69 

■ F       »mmw»" mj"* ■-Tl-"B.!^»V*w<MriMBrffrflM 



- 

Calculation of stresses is 

^+2G>f^|?^) 

0      = G(|ü + IK) urz        vöz      or' (C-50) 

at points on bonded surfaces (z = ± h) 

öu 
hr 

M 

^ = 0 
r 

= 0 

thus,  at z = h, 

a   = 

arz = 

(X + 2G) 
dz 

2G(1 - u: Ul 
1 - 2v \ 

- 2G f. 

- 2g ) 

(C-51) 

Average a    at bonded surface is 
z 

'avg 
2    2 

z^h        o   r i 
z=+-h rdr 

^^ 1-20    A^ 2_v, 2'      1 
ro-ri 'ri 

|^rdr 
öz 

.(^))[(f).-J^ £° grdr]) 2      2 
ro -ri     'r. (C-52) 
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r 

since 

g=-^[A I^r) -EK^^r)] 
k^-c 

dk. 
+ -f- [BI0(k2r) -F Ko(k2r)] 

k2-c 

„   grdr = [—|—   [Ar I,(k,r) + Er K (k^)] 
Jri k.2-c 1    1 1   1 

4-c 
f- [Bl^r) +FK1(k2r)]}[ro 

= r0 {-2- [A I^k^) + E K^)] + -f- [Bl^k^) 
k, -c ^2 ''c 

+ F K^k^j]) 

- ri  t-2- [A h^i) + E Kl(klri)] + -f- [B Il(k2ri) 
k-.  —c Kp ~c 

+ F ^(k^)]). 

For very large values of kr, 

+klro               -klro              H               klro 
grdr = r    [-4" [A   f     4- E ^==rl + -f" [B ^  

^ 0    kl2-c      ^V^ V^0        ^^        ^^ 

-k^r 

\l¥i0 
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! 

- r, i-f- [A 
k, -c 

kir- -k,r. 
.    i i 

k0r. 
2 i 

-k2ri 
+ F 

^Ä 

rrt l-^- (A- +E'v/^e   1   0    1    +-^- [B' 
k,  -c i   2 k2-c 

/r7 -k(r -r.) 
+ F'/-e    V o    i ]} 

v r v    o 

/r"  -k/r-r.) 
. r    {-4- (A«    Me   1   0    1   -^ E') 

i V2-c N/ri 

/S e-
kl(ro-ri; 'r"   -k, (r -r.) 

+ -r- CB'   /-^e   1   0   ^F']] 
k2-c 

or 

(' 

grdr = r    (—^— A' + o   \   2 
k^,  -c ,   2 k,  -c 

B') - r,(—T-E' +—^-F») 
i\   2 k,  -c i   2 k, -c 

and 

max 
1-2U      V ' ' 

z=h 

(C-53) 

hence, 

z max _ 

w 

z avg w 

r (-iH) f0^ r   -r. 
o      i 

(C-54) 
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1) 

It is also noted that the maximum shear stress occurs at the outer edge; 
i. e. ,  r = r0. 

Hence, 

0 + 2G f(r ) 
rz max    o  

0z avg       2G(l-u)  A _  k_     rro s 
l-2v    vh 2      2 g      ; 

r    -r.       J o      i      "r. 
i 

ilV  . (C-55) 

l-2u ^h 2      2 grar; 

r   -r. o      i       r. 
i 

This is programmed for the computer as follows: 

Let 
f =   Xl        f' = ZL 

g =   X2        g» = Z2. 

The differential equations can be written as 

(Z1).+±Z1-^    Xl-^Xl + i^   Z2 = 0 

(XL)' =    Zl 

(X2)' = Z2 . 

Define 

1-v 

1-u 

CC =    1 

l-2u 
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DRAD = (RADN - RAD^)/FNR 

RAD = RAD^ + FI*RAD FI = I - 1 

NRR = (NR/NP)   t- 1.0 

ND -   number of intervals skipped during printing 

(Zl) l - «An 21 + -~   XL + (1.25*AA)*(X1) - (0.25*BB)*z 2 
"^ RAD2 

(XL) ' =    ZL 

(Zl) » = 1 R^ Z2 + § ^Z2 + 3.5^C*(Z1 + ^) 

(X2) ' = Z2 . 

Define 

DERZ1F (A,B,C,D) = DRAD*/-| + piö + (1«2^AA)^B - 0.25*fiB*C)] 

DERXLF (A) = DRAD^A 

DERZ2F (A,B,C,D,E) = DRAD^ { - | + ^ W+3.WC*ik + |) ] 

DERX2F (A) = DRAD^A . 

The four independent solutions of XI,  Zl,  X2,  Z2 are 

XL S2(1,IJ), S2(2,IJ), S2(3,IJ), S2(4,IJ) 

Zl 31(1,IJ), S1(2,IJ), S1(3,IJ), S1(4,IJ) 

X2 S4(1,IJ), S4(2,IJ), S4(3,IJ), S4(4,IJ) 

Z2       S3(1,IJ),       S3(2,IJ),       S3(3,IJ),       S3(4,IJ). 

Where the first index denotes number of independent solutions, 

F(IJ) = A(l) S2(1,IJ) + A(2) S2(2,IJ) + A(3) S2(3,IJ) + A(4) S2(4,l) = XL 

FF(IJ) = A(l) S1(1,IJ) + A(2) S1(2,IJ) + A(3) Sl(3,IJ) + A(4) Sl(4,IJ) = Zl 

G(IJ) = A(l) 34(1,IJ) + A(2) S4(2,IJ) + A(3) 34(3,U) + A(4) S4(4,IJ) = X2 

GG(IJ) = A(l) S3(1,IJ) + A(2) S3(2,IJ) 4 A(3) 33(3,U) + A(4) S3(4,IJ) = Z2. 
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Since the boundary condition states 

ft 4. (_SL)   (L + 1 -) = _ i (-J2_) Ü2 
r. 

1 

ro 

2/7 g' - f = 0 

2/7 g1 - f = 0, 

using 

DD = GNU/(1.0 - GNU) 

w0 = WQ/II 

and 
F, FF, G, GG, 

the following are obtained: 

(31(1,1) + DD^ (^j^ + 0.5^54(1,1)))  A1 

+ (si(2,l) + m*{S^^ + 0.5^4(2,1)))   A2 

+ (si(3,l) + D
^(^AD^ 

+ 0-5^4(3,1)))  A3 

+ ^S1(4,1) + DD
^(

S
RAD/^ 

+ 0.5*84(4,1))) A4 = - DD%^1.25 

(si(l,NRR) + DD-*(^iljÄ + 0.5* S4(l,NRR))) A1 

+ (si(2,NRR) + DD^(S2^™^ + 0.5* S4(2,NRR))) A2 

+ (si(3,NRR) + ^(^RADN^ 
+ 0'^ S4(3,NRR))) A3 

+ (si(4,NRR) + DD* (S2RADJfR^ +0.5* S4(4,NRR))) A^ = - DD^ 1.25* W0 
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(| 33(1,1) - S2(1,1))AI +(| S3(2,l) " S2(Z,1))  ^2 

+ (| S3(3,l) - S2(3,1))A3 +(| 33(4,1) - 32(4,1))  A^ = 0 

(^7 S3(1,NRR) - S2(1,NRR))A1 + ^2/7 33(2,NRR) - 32(2,NRR)JA2 

+ (2/7 S3(3,NPJl) - S2(3,NRR))A   +(.2/7 S3(4,NRR) - S2(4,NRR))A4 = 0. 

Let these equations be represented as 

[TRX)   [A] = [B] 

Solving for A, 

.-1 {TRX}""1 [Bj = {Aj. 

Since B    can be written as 

- DD-* 1.25^ w0 0 
0 

[A] = - DD^ 1.25- ^0 [TRX]"1^)* 

Calculation of stresses is 

aiJ = XA6iJ + 2G eij 

a   = X^ + 2G e 
z z 

= (X+2G)e   + X(e    + e ) 
z or 

= (X+2G) ifc-f-x(|ü+ü). 
oz dr     r 

ay.„ = 2Ge rz rz 

=G t+1?)- 
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I    ■ 

Consider points on flat surface (z = ±h), 

or 

or 

ü = 0 r 

= 0* 

Thus, 

= (X+2G)  («0 - 2G) = 2Si|=2i (^ . 2G) 

^ = Gä = -^^ = -^^ 
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START 

STOP 

INPUT = GNU, RAD^f, RADN, 

NR, NR, PMU, W0, H 

IF END OF FILE 

NO 

SUBROUTINE INT 

SUBROUTINE  COE 

OUTPUT 

SUBROUTINE STRESS 

OUTPUT 

Figure  11.    Main Flow Chart. 
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Figure 12,    Subroutine Int. 
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START INPUT 

NRR-(NR/ta>)+l 
D>canj/(i.o-ONü) 

I 
Djf 1-1.4 

I 
TRX(l,l)-Sl(l,l)+DW«(S2(l,l)/hAD^0.5«4(l,l) 
Tia(2,I -Sl(l,NBR)+DWi(S2(l,NPR)/hADN+0.5«1+(l,NRR)) 
m(3,i' -(2.0/7.0 «3(I»1)-S2(I,1) 
TRX(U,l)-(2.0/7.0)*S3(l,NRR)-S2(l,NRR) 

i 
STOB^DTZNE INV (TRX) 

Djf K-l.U 

A(K)--W#KTRX(K,l)+Tia(K,2))*1.25*DD 

i 
00 IJ-1,NRR 

P(IJ)-A(1)<62(1,IJVA(2)<62{2,IJ)+A(3)S2(3,IJ)*A(4)«2(4,IJ) 
0{IJ)-A(l)«»+(l,IJ)*A(2)<6U(2,Ij)+A(3)sU(3,IJ)*A(lt)«»t(4,Ij) 
PP(lJ)-A(lJ'«lfl,IJ)+A(2)<6l(2,IJ)+A(3)Sl(3,IJ)*A(4)'(6l(l+,IJ) 
00(IJ)-A(1)*S3(1»IJ)+A(2)«3(2,IJ)+A(3)S3(3»IJ)+A(4)<63(1*,IJ) 

END 

Figure 13.    Subroutine Coe. 
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START INPUT 

EE= (1.0-GNU)/( 1.0-2.0^ GNU) 

NRR= (NR/NP)+ 1 

D0 IJ= l.NRR 

SN(IJ) = 2.0 * PMU *EE * (Wßl-2.0*G(Ivi)) 

ST(IJ) = 2.0-* PMU* F, (IJ) 

END 

Figure 14.    Subroutine Stress. 
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MJTOMATN    IVITCM 0«/»/M PAGC001 

•  •• SOURCI I» « 0 6 »  A M LISTING ••• 
■ 

T1TUMMIM 

C    MAIN WM«AM LAMINATID ICARIN« 8? 

COMMON «NUt RADOt «AON, NU. Nl». WU. HO« HtXli21t)2t2Ii H 
ISl. 52. SI. 5*. F« FP. ft. M« SN. ST « 

A- 

DIMENSION    X1UI.21I«I.22(«I«X2(4I.   SI(*.»I   l.52(*.»t   l,S3(*.5ll. 
IS*(*.JI  )• FISH.    FFISU. QISIIi 66(511.  <>N(Slt.  STI51) 

10 MAO 4.0NU.RADO.KAON.N»fNF«PMUtWO.H 1 

4 FORMAT   ISClS.li 219/SEIS.tl 2 

IF END OF FILE 200.201 3 

200 STOP ♦ 

201 PRINT »t 6NU.RAD0.RA0N.NR S 

« FORMAT ItHl/SX.AMfiNU ■ F10.5, SX.THRAOO • F10.S. IX.TMRAON ■ F10.3 A 
1. 9X.SHNR • IS//I 

PRINT T.NP. PMU. MO. N T 

T FORMAT   ISX.SHNP ■   19.  SX.AMPMU ■ F10.9. IX.SMHO ■ F10.S. • 
1SX.4HH ■ F10.I////I 

20 CALL  INT « 

«0 CALL COE 10 

PRINT  I 11 

1 FORMAT      HlSASX.ttMDISPLACEMCNTS AND DERIVATIVES//! 12 

PRINT 2 13 

2 FORMAT   I//  1SX.2HIJ AX.tlHF     FUNCTION TX.11H«    FUNCTION  ISX. U 
113H F DERIVATIVE     TX.13H « DCülVATlVE//) 

NRR UNR/NPUl 19 

PRINT S.IIJ. FIIJ). 6(U).  FFIIJI. «6IIJ) .IJal.NRR) U 

3  FORMAT   lllX.|2.2XtE19.8.9X.E19.t.   UX.CIJ.I.SX.EIJ.I) IT 

40 CALL STRESS 19 

PRINT 101 19 

101 FORMAT I1H1/ATX 23H STRESS AT FLAT SURFACE) 20 

PRINT 102 21 

102 FORMAT I// 39X 2MIJ TX 14H NORMAL STRESS 10X 1«H SHEAR STRESS! 22 

PRINT 103. (IJ. SNIIJ). STIIJii IJal.NRR) 21 

103 FORMAT I39X 12. 4X E19.9. 9X EIS.9) 24 

«0 TO 10 29 

END 29 
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•v 

AUTOMATH    SYSTEM 0*/22/«* PA6E003 

• • • SOURCE PROGRAM LISTING • • • 

o 

SUBROUTINE     INV(A) 

C ROUTINE TO  INER    A 4 BY 4 MATRIX.  A(4t 4| 

DIMENSION Al4i ♦! 

DO 9 1  •   1« 4 

B > Adt   I) 

DO I K «  1« 4 

1 Alii K)   ■ A(I«  K)/B 

DO 4 K •  I« 4 

IfiKml)   2t 4t 2 

2 C • A(K*   1) 

DO S L ■  li 4 

i A(K* L)   ■ A(Kt L)   • C • Ail« Ll 

A(Kt  I)   • • C / B 

4 CONTINUE 

9 Ad*  1)   ■  1.0 / B 

RETURN 

END 

* 

X 
or    n 
IU      S£ 
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PAGEOOl 

AUTOMATH    SYSTEM 06/22/64 

• •• SOURCE PROGRAM LISTING «*• 

SUBROUTINECOE 

COMMON    GNUt  RADO«   RAON*  NR«  NP«  PHU»  WO*  H«Xl*ZIiX2tZ2i 
1S1*  52,  53,  54,  F«  FF,  G,  GG.  SN,  ST 

DIMENSION    Xl(4),Zl(4),Z2(4)*X2(4t,  $1(4,51   ),52(4*91   ),53(4,91), 
154(4,51   ),  F(9U,     FFCil),  6(91), 66(91»,   SN(91),   ST(91) 
l.TRX(4,*),  A(4) 

NRR «(NR/NPUl 1 

OD • GNU/(1.0 • «NU) 2 

DO   10  I  •  l«4 3 

TRX(l,n  • SKI«!)   ♦DD •   (S2(I*n/RAD0 * 0*9*S4(I,l)) 4 

TRX(2,n   •  SKI,NRR)   ♦  DD  •   (S2(ItNRR)/RADN  ♦  0,5«  54(1,NRR)) 9 

TRX(3,I)  >   l2ae/T«0>*Sl(ltl)  ■ SICIil) 6 

TRX(4*!)   ■   (2.0/T,0)«ä3(!,NRR)   • S2(I«NRR) 7 

10 CONTINUE 8 

CALL INV(TRX) 9 

DO 20 K «l.» 10 

ACK)«-M0«(TRX(K«1) * TRX(K,2))*1.29»0D 11 

20 CONTINUE 12 

Do 30 IJ • li NRR 13 

FUJI ■ A(l)*S2(l*IJ)*A(2)*S2(2*IJ)*AI3)ttS2(S*IJ)«A(4)«S2(4,IJ) 14 

6(IJ) ■ A(l)*S4IUIJ>*A(2)*S4(2,IJ)*A(3)ttS40*lJ)«A(4)*S4(4«IJ) 19 

FF(IJ) •A(l)*Sia*IJ)*A(2)*Sl(2*IJ)*AO)«S10tIJ)«A(4)»Sl(4«Ij) U 

60(IJ) •A(l)*SS(l«IJ)«A(2)*SS(2«lJ)*A(S>ttS3 0«IJ}*A(4)»S3(4,IJ) IT 

30 CONTINUE II 

RETURN 1« 

END 20 
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AUTOMATH    SYSTEM 0*/22/** PA6E001 

• • • SOURCE PROGRAM L  I  S T  I  N « • • ft 

SUBROUTINESTRESS 

COMMON QNU« RAOOi RAON* NR« NP« PMUt WOt N*Xl«Zl«X2«ZSf 
1SI* S2* S3« S«« P« FP« 6« <3G* SNt ST 

DIMENSION Xl(*)*Zl(*)«Z2(4)*X2(«)t 8l(*»5l )*S2(4*91 )«S3{4*91)« 
1841*.»I )« P(91)« FP(9l)t «(91)« Mill)« SN(91)« ST(91) 

EE «(1.0 • GNUI/U.O • 2«0*QNU) 

NRR •(NR/NPUl 

DO 10  IJ • I»NRR 

SN(IJ) f 2.0 • PMU • EE • (MO • 2»0 • %\U\) 

ST(IJ) • •2*0 • PMU • P(IJ) 

10 CONTINUE 

RETURN 

END 
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APPENDIX D 

PURE TORSION IN LARGE-DEFORMATION ELASTICITY 
OF AN INCOMPRESSIBLE ELASTOMER 

Take as a reference frame cylindrical coordinates r, B ,   z in the deformed 
body.    Then a point r, G ,  z was initially at the point p.9-£z, z, where p  is 
assumed to be a function of r only,  and the point of the undeformed   body 
is given by 

x1 = P cos(e-Cz), 

x2 = p sin(e-Cz), 

x^ = z, (D-l) 

where f   is the angle of rotation in the z direction. 

The components Gy,  G1J of the metric tensor of the deformed body are 

Gij-<0 
r 

0 

0 

0), GiJ=  { 

1 0 0 

0 1/r2 0 I .                      (D-2) 
1                              & 

0 0 1 1                          (D-3) 

The components g — ,  g ^ of the metric tensor of the undeformed   body are 

giJ = 

1 

0 

0 -Cr' 

0 

)> gij = 

10 0 

0        C2 + l/r2    C 

0 C 1 

(D-4) 

(D-5) 

2 
Since G = g = r   ,   tl.e incompressibility equation 1^ = 1 is satisfied. 

Consider the Mooney stress-strain relation for which the strain energy 
functions are given in termf» of two constants,  Cj and C2- 

W = ^(1^ 3) + C2(I2- 3). (D-6) 
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Thus,  from equations (E-7) and (E-Ta), 

$ = 2C1S Y = 2C2 

Qik = 

2  2 
2+C r 0 0 

0 

I    0 C 2   J 

(D-7) 

The contravariant stress tensor is 

11 
T        = 

2 22 r T 

T33 = 

2(C1 + 2C2) + 2C2 C2 r2 + P 

.2 2 
2(C1 + 2C2) + 2(C1 + C2) C r    + P 

2(C1 + 2C2) + P 

T33 = 

T3
1
 = 

2(C1 + C2)C 

T12  =   0 

(D-8) 

The equilibrium equations are 

Tik + r>iTrk + rkTir = 0( 

i        ir ir (D-9) 

From the metric tensor for a deformed body, 

^2 = 

.2 

-r 

2 
ri2 = r2l = 1/r" 

(D-10) 

The rest are zero. 
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The equilibrium equations are 

—r— T — T     - rr 
9r       r 

.22 

06 

= 0 

(D-ll) 

or 

g + 4C2C2r + i{2C2C2r2 2_21 - 2(C1 + C2)CV} = 

H- 
äP = 
dz 

From equation (D-7), 

i+ ^c
2 - 

2Ci^2r = 0 

(D-12) 

and 
? * iC1- 2C2)C2r2 +a. (D-13) 

Since 

TU  = 0     at r = r      (outer radius) o 

-Zi^ + 2C2) - 2C2C2ro
2 

a = -2^ + 2C2) - C1C2r 2. 2 
o 

2„ 2 .2 2 ;.   P = -aCC-L  i- 2C2) - Cirro^ + (^ - 2C2)rr 

(D-14) 

(D-15) 
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m 

_H _    ri r^    2  .  o <2 2 _ o  -2/ 2 2\ 
T     = -^C ro    + C^ r   = C^C (r    - ro ) 

\ 

r2T22 = 3CiC2r2 _ ^C2^2 = C1C2(3r2 

J3   _     n   r2_   2 2 2 r" = -^C ^^ + (C-L - 2C2)C r 

T23 = 2{n.  + c0)c 

r
0
2)   ) 

J 

(D-16) 

The physical components of stress are 

aij = VGiJ^Gii      TiJ    (n0 SUm) (D-17) 

011 " T      - C1C (r   " ro ) 

a22 = A22 = C.^Or2 - ro
2) 

\ 

"33 = T33
 = CXC2^ - ^ ■ • 2C2C2r2 

023 =rT23 " 2(C1 + C2)rC / 

031 = 012 = 0 

(D-18) 

The surface tractions at plane end (bonded surface) are 

T r " 
0 

Te = rr22 

T z 
= T33 

(D-19) 
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The moment required for the twist is 

M =  / (rTe)rdrde = j r^T22drdQ 

= 2rTf    ^^Or3 - ro
2)dr 

2 2 4 4 2      2 4      r    r    r r r.        r     r. 

M=^C1C2 [ro
4 - r.4 -H 2ro

2ri
2] . (D-20) 

Force is also required to prevent elongation: 

N = 2n   /     T^rdr = 2TT 
'a 

.2    2 

j     [^^(r2 - ro
2) - 2C2C2r2]rdr 

= 2n{-C1cV/2 ^o    - ri ) + (Cl - 2C2^2 ^ ' ri^ 

" ^ l-  4   ro    + T ro ri   "2   (ro    ~ ri ^ • (D-21) 

It is found that in order to maintain this state of deformation,  pressure 
must be applied at the inner curve surface.    The magnitude of the pres- 
sure is 

-c^c2^2 - r.2) 

where 

*4   =   inner radius 

r 
O =   outer radius, 
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APPENDIX E 

LARGE-DEFORMATION ELASTICITY THEORY 
FOR AXIAL COMPRESSION 

In order to characterize the deformation of an elastic body,   the position 
of each point in the body before and after deformation must be described. 

That is,   if a point in the undeformed body is at y   ,y   , y   ,   then in the de- 
formed body it will occupy the point x^.x^.x^.     For the current problem, 
it is convenient to employ cylindrical coordinates for this description; 
therefore,   an undeformed system   (r^'jZ1)   is defined by 

y   = r cos©',       y   = r sin©', 

and a deformed system  (p,6,z)   by 

y3- (E-l) 

= p   cos©, P   sin©. 2    . x    - z. (E-2) 

In particular,   since the loading in the present problem is axially sym 
metric,  the deformation may be considered in the form 

p   = pCr^z'), = zCrjz')  and fi = 6' + t(r,zO. {E-3) 

In order to determine these functions,   it is useful to consider another 
description of the deformation.    For this purpose,  the distortion which 
the initial polar coordinate system undergoes as the body deforms can be 
taken into account if these coordinates are considered to be embedded in 
the material.     To characterize this distortion,  the metric tensors Gij and 
g-•,  which are associated with the polar coordinates before and after de- 

formation,  are defined as 

G      = &-   i&- and g 

r        v 

(E-4) 

where   cp   = r,  y    " Ö'i   y   = Z1.        Using equation (E-l),  we obta in 

^ 
0 0 

'V i0 r2 0 

\o 0 1 

(E-5) 
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and from equations (E-2) and {E-3), 

glJ    I P    ^ p P    0^ 

[araZ' 
+ p   ä7^ + f;a^] p   air   L(9z.)  

+P   ^z.> 
+ W ] 

(E-6) 

In terms of the above metrics, Gjj and g^;,  the stresses T ^ in the body 
may now be determined.     As a first approach to the solution of the prob- 
lem under consideration,  we will consider the material to be incompres- 
sible and use constitutive relations given by 

Tij = $GiJ + YQiJ +    g (E_7)* 

where 

Qij = Grs grs G« - Glr Gis gr3 , ,E.7a)* 

y  and   $ are constants,   and  p is a scalar function of position.     Further- 
more,   from equations (E-5) and (E-6),   the contravariant components of the 
undeformed and deformed coordinates which appear in equation (E-7) are 
found to be 

^ (E-8) 

and 

(Matrix where each component 

is the cofactor of the cor- 

responding component in array    j (E-9) 

(E-6).    This is shown later as 

(E-21). 

*See reference 2,   equations  1. 15. 13 and  1. 15. 9,  page 28. 
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^"^ 

it 

Since the stresses are defined,   it is now possible t    obtain a set of 
equations whose solution will yi   Id the desired functions (E-3),    These 
equations are obtained by using the equilibrium equations 

T    iJ+r    * TrJ +rj 1^ = 0 (E-10) 
,1 n un 

r r 
where the   St    are the Christoffel symbols of the second kind defined by 

rstr = ^ ^ [gsk,t + gtk,s " Sst,^ (E-ll) 

and the stresses are given by equations (E-7). 

It may be observed that,  due to the complexity of the tensors g^ and g^j, 
the equilibriunn equations as defined above will be extremely cur ibersome 
(see Appendix D equations).    It may also be observed that if we had,   in 
relation (E-4),   identified cp^s with the deformed rather than the undeformed 
coordinates,  the resulting form of the equilibrium equations would have 
been greatly simplified.    The following considerations,  however,  indicate 
that this approach is not practical,   since it introduces difficulties in the 
boundary conditions.    If the undeformed coordinates appear as the inde- 
pendent variables in the equilibrium equations,   as is currently the case, 
the boundary is located by specifying its undeformed position.    If, however, 
the equilibrium equations are simplified,  as described above,  the de- 
formed coordinates will appear as the independent variable and the boundary 
must be located by specifying its deformed position,  which is unknown 
until the problem has been solved.    It is observed that the three equations 
(E-10) contain four unknowns:   p,t,z,   and P.    However,   using the fact 
that the material is incompressible,  a fourth equation is obtained, 

G. 
-H- = l, (E-12) 

which states that the volume of any portion of the body remains constant. 

Up to this point,   the loading history of the body has not been discussed. 
However,   it is apparent that unlike in a linear elastic theory,   the order 
of loading must be specified.    In order to build this information into the 
equations,   the following considerations are used:    Let   p,t,z,   and P be 
made up of contributions due to compression and torsion (i. e. ,   let 
p =s p    + p  ,   z = z    + z. ,   etc. ,  where p    and p. represent components 

C u C X» C ^ 
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elfter compression and tension,   respectively).    Since the compression is 
applied first,  equations (E- 10) are solved for pc. zCi   and   pc (i. e. ,   tc = 0 ) 
with Pt  = t    = zt = P.  = 0.    Having solved for the compression contribution, 
the torsion contribution is now determined.    It is observed that the torsion 
considerations are influenced by the initial compression by wa>   )f the 
compression-torsion coupling terms which appear in the equilibrium 
equations. 

Having set up the field equations,  we must now consider the boundary 
conditions. 

Figure 15.    Sketch of Coordinates for One Lamination. 

For the compression problem,  the boundary conditions which must be 
satisfied are as follows: 

at mtK       z   -±(h-6j,       p    =r (E-13) 

at r = R0,  R^,  traction is zero,  or in terms of a coordinate system on the 
boundary,   Tnn =  Tns = 0, 

or 

T rm =    Mz"      c 
c 

A)    T rr + 2 ^ T rz' + T Z'Z' 
dz     c 

= 0 

1 + & 

'z' 
Tns       - (jj ^T + ^)   - 1] r™' ! Q £ c     (E14) 
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And for the torsion problem, 

^ Z'=±h(        zt = zcl (h-6o), Pt=Pc = r 

(specified twist angle) 
t        o 

♦ v. — p      D        ^nn nn„ ns ns G'S' at r - Ro, Ri,    Tt      = TC      = 0,  Tt      = TC 
b = o and Tt

ö      = 0. 

Having formulated the problem,   a method for obtaining the solution will 
now be considered.     For this purpose,   consider rewriting the equilibrium 
equations and boundary conditions using the displacements 

Pc-r=V pt-r=H 

zc " ^ =wc, zt "" ^ =wt,  etc" 

rather than the deformed positions,   as depencent variables. 

If it is considered now that the linear elastic equations are given in the 
form 

f (u , HP) = 0, g(u,w,p) = 0,     h(u,w) = 0 . 

then,  with the above change of variables,   the nonlinear equations will be 

r(u,w,P) = ?(u,w,P)„ g(u,w,P) = G(u,w,P) 

and 

h(u,w) = H(u,w) 

where F,   G,   and H represent nonlinear contributions.     The solution to 
these equations can now be obtained by using a numerical technique 
similar to that used in the solution of the linear equations.     To do this, 
the nonlinear terms,   F,   G,  H, which appear in the equations are treated 
as if they represent a nonhomogeneous portion of the linear elastic equa- 
tions.    That is,   in each iteration it is considered that the nonlinear terms 
are known,   the value being given by the value obtained from the previous 
iteration. 
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Combined Compression and Torsion 

Assume that a rubber annulus is placed under axisymmetric compression 
followed by torsion.    Consider deformation described by 

deformed coordinates 

undeformed coordinates 

where 

(p,e,z) 

(r,e',z') 

P = p{r,z*) 

z = zCr^z') 
6 = 6'+ td^z1). 

The metric of cp in the undeformed coordinates is 

G>   =.kl&! 

where 

and 

then 

1 
y 

2 
y 

r 0036' 

r sinG' 
=     -7» 

cp    = r 

z'j 

iJ    acp1 öcpJ 

(£-15) 

G. . = 
1 

0 0 

0 r2 0 

\o 0 1 

(E-16) 

|Gj=r2 

ij 
(E-I6a) 
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and 
0 0 

G^ = (   0        1/r2 0   ) (E_17) 

o       o : 

|Gi;5|   = l/r2. (E-17a) 

The metric of  cp in the deformed coordinates is 

3x     5x 
g±t "" &P1    öcpj 

where 
x    = P   cos9 

x2 = P   sinG 

Expanding the separate derivatives in equation (E-18) yields 

9xi = 9xi = 9xi5fi. + Ö2ciM = cos0 ^ _       ^    öt 
a 1      or       9P    Or      96    or      cos   or     P  sinb or 

2 2 2 1 
7 _ v^ - TT^ T^ + ^D T- -  sin9 T^ + p cosB r— g 1  or  öp ör  56 ör     or       ör 

5x _ 9xr _ 5x"^ 9z _ 5z 
g 1  9r  3z ör  or 

4 = — =^^ = ^ sine 
99   db   0Ö 96 

2  ,2.2 
ox. = öx_ = M_ ü_ = p cose 
öcp2    9eT    ae  a6r 

2    T 

9^  96 

99 

{E-18) 

■■j- i»ifc<fci-ir' --'--.. - • 



öcp3 

öcp3 

öcp3 

dz'      öP      dz»        09    öz' 

öz'      öP       dz'      06      ag' 

5x^ _ öxf   5z    _ lz_ 
äz'      9z     öz'      öz'  ' 

cosS ^- - P  sine ^- 
oz' öz' 

sin9 &~ + p  cosG ^^ 
Ar»  I 5z öz' 

then 

■r(öP)2 + p2 (01)% ^)
2-1 p2 5t    r5ß.5ß_+    2 5t5t_ + MM.1 

'ör' 

g 
IJ 5r 

ör      5r 5z! 5r 5zf      5r öz' 

,2 5t 
öz' 

r ^. ^ + p2 5t ^ + öz öz,     2 .ät. r^2 +    2 ^^ + (9£L.)2] 
5r 5z1 

which implies 

5r 5z1      5r 9z' Öz1       öz öz' 
(E-19) 

2^2 ,   „2 |g. J   —p^ t    {p^t    [z'-r+ p^t^^ P^,] -pn  ,  [p P   ,+ P^t t   ,+ Z Z  ,]} ' 6ij' r r     z' z'      z' z'      r z' r z'      r z' 

+ p2 {[P2 + p2t2 + Z2][Z2 + p2t2.+ P2,]-[P P   . + p2t t ,+ z Z ,][p p   . r       r     r r z r z1       r z'      r z 

+ 2 ,  .2,2 ^ ^2- p^t t , + z z ,]} - p-'t . (PX.CP^ + p^t; + zp 
r z '        r z z"    r 

- p2t  [p  p   .  + P t t   ,  + Z Z   .]} K    r    r z' r z'        r z' 

= p2[p2Z2
f  + Z2Z2    f p2p2, + Z p2    - P2p2r Z^Z2,  - 2P  P   .Z Z    ] rz'        rz'        rz'        rz'        rz'      rz' rz'rz' 

and 

^ =p2r|!|fr-!!|!T]2^Ph(r,z.)r 
1J 5r 5z'      5r öz 

(E-ZO) 
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totftik: 
■■■, 

Thus, 

f"2 ^ + ^21 M     liz<   Lar a«'      är dz<!      dr Udt''        ^«''   ^ 

iJ"[Ph]2 
M     laz'   l»r 5z1      äraz1'      dr'^i'' ^Pz''   "        Uär Sz'       drdz'' ''dr Äz'      it' hr'   3      Kdr dt1      ir dz'' 

\.2 rat |e_ + as ^_i 
^     '8r Sz'      ar az,J 

2 .    2 
M   'az' uar''      lar' J    ar l8r ai' * ar az,JJ 

p2 rut a£_ + ii il_-| 
'ar az'    ar az,J 

p   ^z'uar;  + ^ar; J    ar'ar az'    ar az'J' •      (E-21) 

P2 rfr)
2. (U)2] 

Now the strain invariants are 

h = GlJ gij = gll + ^2 ß22 + g33 (E-22) 

and 

|G..| 
T -   y. h'TT ±3        P  h 

ri 
2.2 ' 

(E-23) 

but for incompressibility,   I-^ =   1; hence, 

P   = h(r,z') 
(E-24) 
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Also,  from equation (E-Ta), 

Q^ = ^ G^ ~ Gir GJS g 

;,       o       o \ 

where G1,3 is the diagonal|   0       l/r        0 

,0 0 1 

Thus,   the components of G1^ are 

ai 

Thus, 

Q±J- = I,   G11 - G11 G11 g,,   = l/r2 g0? + g. 
"1 311 ^2     fa33 

.22      o22 022 Q^ = ^ G^ - G^ G^ g22 - 1/r^ (g11 ^ g33) 

Q33 = ^ G33 - C33 G33 g„ -gin  +l/r2g D33     ^ll 

n12 _ n2l .. pll r22 „ . / 2 Q      = Q      - G      G      g12 l/r^ g 

22 

12 

Q13 = Q31 - - G
11

 G« gi3 =. gi3 

Q23 = Q32 = . C22 G33 g23 = . l/r2 g^ 

>•    (E-25) 

y 

T
10
 = $ G1C + Y Q1^ + P P

1
^ 

I \ 

deformed        undeformed 
coordinates    coordinates 

1» 
defornted 

coordinates 

which is then substituted into the equilibrium equations,   (E-IO). 

Compression Only 

For the problem of axial compression only,   the formulation is carried 
further as follows: 
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»dÜ- •{v • «fbf, 

For the case of notation,   let 

From equation (E-17), 

G^ 

uc = u 1 
z = z' + 

p = r + 
/ 

1 0 0 

0 l/r2 0 
0 0 1 

(E-Z6) 

Frorr  equation (E-ZO), 

h ,ö£.  ÖZ_ ÖZ   Ö£_^   =   r/ ÖUw ^W,v r^  Öu_n 

"9r öz»       or öz az"      Br az' (E-27) 

and from equation (E-23),  h is also given by 

h = r/p . (E-27a) 

From equation (E-21),  the components of g^ are 

11        1     r/9z 
g       = 2 ^az"      vaz 

h 
azT/      VöZ 

\ 

6 n2 .2 'or öz'      ar az'"1 2 P    n p r2(l-^) 
2 2 

e33 = ^ r#)2 + (|i)
2] = i rd + ^)2 + (^)2] 

2    ^ar'        var' ar'       'ar' 

g 
13 

r     ,,2 Lar äz1^ ar az'J " 2LU  ar; az'     ar u    az';j 

12        21 
g      = g      = g 

23 = g32 = 0 

(Since torsion is zero, ■' T 0) 
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F~om equation (E-19),   the  components of g-; are 

g 11 = (|)2 - t/ = (1 + ^2 + (l?)2 = h2 ^ 
2 

2 

i2   .     2A 2 g22 = P^  = (u + rT = r^l + u/r)" - r7h' 

333      vöz 

s31       613     or öz'      3r Öz 

S23 " g32 = g2l " 612 a 0 

ör öz'      öz' dz1 g 

y 

(E-29) 

Now     the components of T   
J  from equation (E-7),   by substituting from 

equations (E-17),   (E-25),   (E-28),  and (E-29),   are 

2 

h n 

T      -~+   2 (gll + g33)      P~ r       r r 

ar^ 

T33 = $ + Y (g,., + 1/r2 g_0) + P -^ - $ + 

Sz1 

11 

'or7 'Sz' 

'll 22' .2 h 

+ ra + §)2 + (f )2] (y + P/h2) 

T13 = T31 = (y + P.) [(1 + ^ (ffi.) + ^   (^Ä.^ 
3r     5z'        9r az' 

T23 = T32 = T12 = Ta E 0 7 
(E-30) 
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The equilibrium equations are now 

^J. i   J/.   = 0 
' 1 (E-31) 

or 

.in ira 

as  shown in Equation (E-10), 

where 

kr 
r
5t    = ^ g      [ssk,t + gtk,s - gst,kJ ' (E-32) 

Note: rr
+ = r* st        ts 

In the current problem of compression only,   the only nonzero Christoffel 
symbols are 

rn = 2 ^llgii,i + g13 (2gi3,i " gii,3)] 

r22 " -*  (g      g22,l + g      g22,3) 

rl   ,_.. rl   _ i  / 11 ,13 N 
13 ~ r31 " 5 (g     8n  -3 + 8     S^ W sll,3     5     633,1' 

r^o = 4 fg13 g„ , + g11 (2gi 33     2 '6     633,3 ' 6     Vfc613,3 " ^3,1^ 

-2   _ r2   _ ! 22 
12        21      tg     g22,l 

23       32 " tg     g22>3 

ril = i [gl3 «11,1 + g33 (2g13,l - gll,3)] 

r22 " "2 L*      «22,1 + ^ g22,3J 

r33 ■-= 4 T g     g33j3 + g      (2g13^ - 833^)] 

'31       13     t   *     gll,3     g     g33,l 

)    • (E-33) 

105 



  -   m— 

Now the equilibrium equations become 

i+ ^+ 0 riiTl1 + 3 'k31 + rl£-+1 32T31 

+ r3 T31 + r3 Tll + rl + ri T22 
33 13 33 22 

0 (E-34a) 

and 

33 + ^ + 2 ,3^33 + 3 ^^3 + ^33 + ^ 
Li .13 

+ r^T13-f-riT33 + r3T11 + r3 r22 ~ o . ii 31 11 22 (E-34b) 

(Note:    The quantities underlined are those that contribute linear terms. ) 

The third equilibrium is  satisfied identically,   as expected,   since there is 
no dependence upon angle 9   (axisymmetric).     Now consider rewriting the 
stress component in the form of linear terms plus the nonlinear contri- 
bution.    To do this,   consider first the continuity equation from equations 
(E-27) and (E-27a). 

For convenience,  the following notation will be used: 

2ü - , 2u I;-v   ^ = uz" etc- 
From equations (E-27) and (E-27a) 

(E-35) 

(1 +u  )   (1 +w  .) - w   u   .  = r z r    z 
1 

or 
1 +li 

r 

(1+uJ  (1+wJ  (1+^) -w.   9,  (1 +^ =1. r'   - z 

Expanding,  this yields 

r    z (E-36) 

u      +w       +ä = .   (u     w        +]iw        4-^     + u     w       ii+w     u,(l+-) 
r       2'      r r    2'      r   21      r   r       r    2' r       r   z' r 

or 

u    +w  , +Ut = A 
r       2'      r (E-37) 

where    A = -u^w,,, + «W   , r    2 r    z1      r   r 
u., + u,, w,,, ^ + w- u,,  (1 + ^)- T "z'  r r   z' 

Let       (r,z)     be initial coordinates and 

(r'.z1) be final coordinates. 
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Equilibrium equations are written with r and z as independent variables. 
A location is then described by its initial coordinates; one then solves for 
r' and z'.     The stresses are expressed in the final coordinates; and on the 
traction-free boundary,   the free inner and outer edge,   the normal and 
shear stresses,   a nn and  Ons,   are required to be zero.     To express this 
intermsofariri,  CJ 7IZI »   and 0 zir t,  which are in turn functions of the co- 

ordinates,   one needs the boundary shape.    That is,  the quantity QZ   IS 

needed where the boundary location is given as r = R.     If a finite-difference 

Vi n ' 

-   Z' 
method is to be employed,  the derivative, S£.,   is equivalent to 

dz ^-KL 

With this approach,  the grid shape is constant and the equilibrium equa- 
tions are written in the deformed coordinates,  which is the more con- 
venient form. 

Now,  if we let P = P» - (# + 24), (E-38) 

then expressions (E-30) yield 

2 . 0 2. 
T
11
 = $ + Y  (1 +11)    + (1 + 2w  .  + W.2 +u   .^)   LV -H (P'  - $ - 2:)(1^)   J 

I* 2 Z Z * 

T
11
 = ($ + Y + 2Y ^ + {*)    Y) + [V + P'-$-2Y+2 ^ P,-2 7 ($+2Y) 

2 
+ (P'-t-2Y)  (-)2] + 2w .Y + 2w .(u'-4-2:)+ 2w I(P'-$-2Y)[2 ; + ©  ] 

+ (w I
2 + u   ,2) [Y + (P'-$-2Y)   (1 +;) ]• z' z r 
2  , 2> 

T
11
 = 2Y ^ - 2 ^ (« + 2Y) + 2w T(§+2Y) + P' + B (E-39) 

where 

2 2 
B = (Ü) Y+ 2 Ü p, + (p.-$-2y)(J)    + 2»^  (P'-$-2Y)[2 ^ + (^)2] 

+ (w ,2 + u  .2)  [Y + (p'-$-2Y)(l +*) 

Then 

x11 = -2($ + Y)(wzT +^) +P'  +B. (E-40) 
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and from continuity,  equation (E-37), 

or 

_11 

$ -(wz, +^) =ur- A 

= 2($ + Y) ur + P' - 2($ + Y)A + B 
I J ; (E-41) 

linear terms can nonlinear 
identify Lame's contribution 
constant 

also, 
2 

T13 = - [Y + (P'-*-2Y)(l + p    [uzt + wr + ur i^, + wr wz,] 

2 u 2 

= - {-(* + Y)(uzI+ wr) + [P'(l +*)    -  (* + 2Y)(2 * + (;)   )] 

[uz,+ wr+ur uz^wrwz,]+Y  [ur uzl +wrwz,]3 

= ($ + Y)  (u2, +wr) + C 

linear terms with   nonlinear v    ' 
gt = $ + Y        contribution 

where 

C = -{[P'(1+*)2- (^2Y)(2^+(;)  )] [uz,
+ wr+uruzt+wr z,] 

-^Yf^ uz, +wrwzI]3; 

also, 

T22 = L—^jd + H)  -fY(i + ^)   rz-Hzur + a,zt+u2+w^ 

+ w2 + u ,] + P!-$-2Y. r        z 

2 
i-^ {2 J ($+2Y) + 2Y(ur+wzf) + P' + 2Y (^) 

+ Y[2 u + (ii)
2]C2ur+ 2wzI-H 4^1, +4 + Uz']3 

2 ^ r ^ ~ '      —r   "z 
r2 (1 + ^) 

r       r 
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from continuity   u    "+" w  . = A - ^.     or 

T22 = 2 ^^ + Y) ^ + P' + 2 Y A + D] (E-43) 
2 (i+7) —i— —r~ 

linear nonlinear 

where 

2 2 
D = 2Y  (^)    + Y[2 - + (-)  ][2u   + 2W , + u2 + w2    + w2 + u2,] . 

1 ?? 
It is seen here that the factor     causes the linear terms in i   c 

r2 (1  +Ü)2 

r 
22 

to be different from the expression for T   ' encountered in a linear analysis, 
This is due to the fact that the physical and tensoral (T

1
'^) components of 

the stress tensor are different.     Their contribution in the equilibrium 
equations,  however,  will be the same. 

Also,  from the similarity in the form of  T       and T^,  the following is 
immediate] v obtained: 

T33 v$ + Y) w , + F' - 2($ + Y) A + E (E-44) 

where 
2 2 2 

E = (Ü)    + 2 ^ P' + (P'-$-2Y)0    + 2u (P'-$-2Y)[2 ^ + (J)  ] 

2 
+ (u 2 + w 2)[Y + (P'-$-2Y)(l + l)  ] x r r r 

and the first of the equilibrium equations,   (E-34a and b),   yields 

r 
r 

+ [1 + S][ Sr][-2 ($+Y)A + ^ "Vr [2($+Y)ii + P'] 
r (l + -) r 

r 
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r 

+ (fj,)  ][(1 + ^(1 + |^)]]  [2($+y) * + P'  + 2Y A + D] 

- i [2Y A+D] + -T i—x   g13 g [2($fY) ^ + P' + 2Y A + D] 

r 

+  (other nonlinear terms from expression E-34a J« 

This equilibrium equation may be written 

2($+Y) &L+S11+ ($+Y)   (ii + I^L.)  + 2  ($+Y)(|u _ U) v .2      or        v     w   \ 2      öz'ör7      r /var      r' 

-[1 + ^][ ~-][2($+Y) A - B] - 4 [[(1 + |^) + (^T)   ] or "r(l + ?) öz'7       'öz1 

[|*(1^) ^ ] ^ [2^7 + (|^)2 + (|^)2][(1 ^)(1 ^)1} 

13 {2($+Y) ^+P'+2YA+D}-i[2YA+D]+ ^-j-    g -   g22 . 
2(1+U) 

r 

r2(§+Y) ^ + P' + 2Y A + D] + 2r];iT11 + 3^31 + T^T
31

 + T^T
31 

+ r3   T
11
 + r1  T33 = o 

13 33 
(E-45) 
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ai.d the second of the equilibrium equations,   (E-37b)f   yields 

*<* + *> 1^ + !£ - 2(* + ^ + ÜT + (* + V) A + |^-) öz»  öz' 
öz 

,2  öz'ör' 

+1^- + i (f+Y)^ + ^f) + ^ + (^i - ^r—i—1 
äz'  r     dz'  ör  r   ör " r 

r(l + ü) 

[($+Y)^ + gf) + C] + ar^ T33 + 3^  Ti3 + .^ T33 + ^ T13 

+ ^3T33+r3iTlI + r32T22 = 0. (E-46) 
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